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On the Probability of Existence of
Pure Equilibria in Matrix Games'

G. P. PAPAVASSILOPOULOS?

Abstract. We examine the probability that a randomly chosen matrix
game admits pure equilibria and its behavior as the number of actions
of the players or the number of players increases. We show that, for
zero-sum games, the probability of having pure equilibria goes to zero
as the number of actions goes to infinity, but it goes to a nonzero
constant for a two-player game. For many-player games, if the number
of players goes to infinity, the probability of existence of pure equilibria
goes to zero even if the number of actions does not go to infinity.
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1. Introduction

The possible lack of existence of pure equilibria in game problems is a
long known fact which led to the admittance and examination of mixed
equilibria. The existence of mixed equilibria for any matrix zero-sum game
was first proven by Von Neuman in 1936 (Ref. 1) and later on was extended
to the nonzero-sum game by Nash in 1950 (Ref. 2). Using infinite-dimen-
sional versions of the Brower fixed-point theorem enabled the extension of
this basic existence result to other classes of games with infinite action spaces
(Ref. 3). The fact that pure equilibria may fail to exist for games with a
deterministic description in contrast to what holds for classical optimization
problems (single player games) under similar convexity or compactness
assumptions is a discomforting result, albeit a deep and conceptually fascin-
ating one. The objective of the present paper is to examine the probability
that, for a randomly chosen game, a pure equilibrium exists,

We consider the following questions: (i) If the elements of an mxn
matrix are chosen independently and randomly according to a uniform
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distribution over an interval, what is the probability that the resulting zero-
sum game admits a pure solution. (ii) How does this probability change as
m, n tend to infinity. (iii) Similarly, if two m X n matrices 4, B are randomly
chosen, what is the probability of existence of a pure equilibrium and how
does it change as m, n tend to infinity. The extension of these questions to
the case of an arbitrary number of players and the study of the behavior of
the probability of existence of pure equilibria as the number of players or
the number of available actions to the players tends to infinity are also
considered.

These questions are answered in the rest of this paper. We provide
explicit formulae for the probability of existence of pure equilibria for each
case and study their limiting behavior. The following interesting facts are
shown. For randomly chosen zero-sum games, the probability of existence
of pure equilibria tends to zero as the number of actions of the players goes
to infinity. In contrast, for nonzero-sum two player games, the limit of the
probability of existence of pure equilibria as the number of actions of the
two players goes to infinity, tends to the number 1 —e~' =0.63. For many-
player games, if the number of players is fixed and the number of their
actions goes to infinity, the probability of existence of pure equilibria tends
to a fixed nonzero number. Finally, if the number of players goes to infinity,
then the probability of existence of a pure equilibrium tends to zero.

The structure of this paper is as follows. In Section 2, we examine the
zero-sum case; in Section 3, the two-player case; and in Section 4, the
many-player cases. In Section 5, we present some interesting directions for
extending the results.

Note to the Reader. Although the issues taken up in this paper could
have been considered many years ago, our own search in the game literature,
far beyond the references cited at the end, did not reveal any related paper
addressing these issues. If the reader is aware of some related work, we
would be grateful if he/she could communicate it to us.

2. Zero-Sum Case

Consider the zero-sum game

min max(x'4y), (1
¥y x
where 4= (a;) is an m X n real matrix and

xlz(xls"'sxm)s xi205 in=l,

Y=,s..-sy) 320, Y =1,
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are the mixed equilibria of the two players. Consider that the a; are chosen
independently and randomly, according to a uniform distribution from an
interval [8;, 8,). If x=(1,0,...,0),7=(1,0, ..., 0) constitute a pure equi-
librium, it will hold that

Al s Bm—1,15+ - -» A1 AN <12, A135 « + - 5 Ain» )]

Let us now calculate the probability that, for the n+m—1 numbers
present in (2), chosen independently and randomly, (2) holds. The possible
orderings of n-+m— 1 numbers are (n+m—1)! in multitude. The orderings
for which (2) holds equals the product of the multitude of possible orderings
of ai», ans, ..., a1, [which is (n—1)!] by the product of the multitude of
possible orderings of @1, @m-11,...,a [which is (m—1)!]. Thus, the
multitude of possible orderings of the n+m—1 numbers appearing in (2)
for which (2) holds is (n—1)!(m — 1)!, consequently, the probability that (2)
holds if a1y, ..., ain, @1, . . . , Any are chosen independently and randomly
is

(m—Dn—1)/(m+n—1).. 3)

Actually, the quantity in (3) is the ratio of the volume of the hypercube in
R ™~ specified by (2) over the whole volume of the hypercube. Clearly,
it is independent of the length of the side of the hypercube and thus holds
for 6,——a0, §,—+00. Also notice that this ratio of volumes does not change
if strict inequalities are considered in (2), since an equality such as a,; =ay,
corresponlds to an n+m—2 dimensional manifold which has zero volume
in R"*™ 71,

Considering now the other cases where a; (i, j) # (1, 1), is a pure equilib-
rium solution and that there is a total nm of such cases, we conclude that
the probability that the game (1) has a pure equilibrium solution is

[(m—D(n—-DY/(m+n—)mn=mn/(m+n—1)!

=(m+n)/<m:n). 4)

Finally, let us point out that, if the game has two pure equilibria (for example
a1, ax3), it will hold that a;; = a,3 = a;3=ay ; then, the corresponding subset
of the hypercube in R"*" ! is of dimension less than n+m— 1, and conse-
quently has zero volume. In conclusion, we have proven the following
theorem.
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Theorem 2.1. If the elements of an m x n real matrix 4 are chosen
independently and randomly with a uniform probability distribution over
any interval, the probability of having a pure equilibrium is

m+tn

P,,,,,(S)=Pm,,(S)=(m+n)/( )=m!n!/(m+n—1)!. 5

n

Remark 2.1. Notice that the interval [8,, 8:], ;< 85, does not influ-
ence the result.
Remark 2.2. If m=1, then
P(s)=1, n=1,23,.... (6)

Remark 2.3. Let m be fixed, and let n>m> 1. It holds that
P.(S)y=mnl/(m+n—1)!
=mli[l-2-3...0)/[1-2...0-(r+1)...(n+m—1)]
=m!/[(n+1)(n+2)...(n+m—1)]]0, asn—+c0. (7)
Also,
P (8)=m!/[(n+1)...(n+m—D]=m!/n"", asn—oo. (8)

Remark 2.4. Let m=n. Then,
P (S)=nn!/(2n—1)!=n!n!/(2n)"*".
Using the Stirling formula for n— o,
nl=n"e"\2nn,
we have, for n—+o0,
Pon(S) 2 [(n"e™"27n)*(2n) /[(2n) e ™22 2m)] = 2/7(n/n/4")=0.  (9)

The above remarks yield the following theorem.

Theorem 2.2. If m and n— oo, then

Pon(S) 0. (10)

Remark 2.5. Let us consider that we choose randomly a zero-sum
game in the following manner: we first choose an integer n between 1 and
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N with a uniform probability distribution and an integer m between 1 and
M with a uniform probability distribution; N and M are fixed positive
integers; n and m are chosen independently. Next, we choose a;, i=1,...,
nandj=1,...,m, independently with a uniform probability distribution in
[6:1, 82], where 6, < &, are arbitrarily fixed numbers. The resulting zero-sum
game admits a pure equilibrium with probability

N M _
(1/(MN)] Z Z Pmn(S)=PMN(S).

n=1m=1
Since P,,..(s)—0 as m and n—+o0, it holds that
}—)MN(S)*O.

This can be interpreted as follows. Consider all the zero-sum matrix games,
i.e., any n, m, aj; . Then, the probability that a randomly chosen game admits
a pure equilibrium is zero.

3. Nash Game with Two Players
Let us consider a two-player, nonzero-sum game where
Jilx, y)=x'Ay,  Jo(x,y)=x'By

are the costs of the two players, A and B are n X m real matrices, and

xl=(x1,""xn)’ xiZOQ 19
’

2 Xi

i=1

m
Y= nym)y 320, Y
i=1
are the mixed equilibria. In order to calculate the probability that the game
admits a pure equilibrium solution when the elements of the matrices 4 and
B are chosen randomly and independently with uniform distributions over
the same interval, we work as follows. Consider that Player 2 (namely, y)
chooses for each row of 4 the position of the minimal element of this row.
Similarly, Player 1 (namely, x) chooses for each column of B the position
of the maximal element of the column. If two choices of the two players
occupy the same (ij) position in A and B, respectively, then we have a pure
equilibrium solution. Let us consider first the choices of Player 2. We set
one at the position of the row where the maximal element of the row is
located and set zero at the other positions. Considering that choosing two
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or more elements of the row to have the same value has probability zero,
we assume that each row will have only one 1. For example, the following
pattern may appear:

01 00
1 0 00
0010
0 01 0}, (11a)
1 0 00 ‘
0 0 0 1
L0 01 0]
with
m=4, n=17, (11b)
n =2, n=1, ny;=3, na=1. (lic)

The multitude of ones is #; in the first column, #,, in the second, and so on.
It holds that

n=0,...,n,20, (12a)

n1+n2+ A +nm=n. (12b)

The multitude of possible first columns which have n; ones is (. ). Given
the position of the ones in the first column, the #, ones in the second column
will have to be in n, of the remaining #»— n, positions. Having set the ones
of the first, second, and so on up to the kth column, we can set the ones of
the (k+ 1)th column in #, ., of the remaining n—n,—n, ... —n; positions,
and thus we have

(n—m —Hy... —I’lk)

41
possible choices for the (k + 1)th column. Thus, the total number of possible
choices of Player 2 with n, ones in the kth column for k=1,...,mis

) )

=nl/(m'ny! ... ny). (13)
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Using the formula

Y [/l om DI p=(pt o tpe), (14)

m+:+n,=n

which holds for any numbers p1, . . . , pm, yields that the multitude of matri-
ces of dimension n X m which have at most a one in each row and zeros else-
where is

Y nl/(m! ... ny)=m". (15)

ny+-hny=n

For a matrix chosen by Player 2 with n; ones in the kth column, the probabil-
ity that Player 1 places a one in each column, and his one does not coincide
in position with the ones put by Player 2, is

(1=n /(1 —ny/n) ... (1—n,/n). (16)
Thus, the probability that a pure equilibrium does not arise is

P,.(F)=(1/m") Yy, [R(1=ny/n)...(1=n,/m)]/(n!... 5.

mttny=n
n>0,...,7,>0

(17

The following lemma will be used in this section and later on in Section 4.

Lemma 3.1. Consider the sum

Se=(1/m") Y (1 —anm/n)...(1—an,/n)]/(m!... ¢,

nm+-o-+tny=n
nlz=0,..., Ry =0

(18)

where «a is a fixed real number. The following relations hold:

o) S=m§" ? [—a/(mn)]k(’z ) (;)k!;

(i) if0<a<landm<n, then S,<(l—a/m)™;

(ili) ifa>0,then lim S,=e “.

mp—oo



426 JOTA: VOL. 87, NO. 2, NOVEMBER 1995

Proof.
(i) Carrying out the multiplication in (18), we have

Sa=(1/m”){2 /(! . m ) (—a)k
XY [al/(m! . .. 501 /1) . . . (e /) (’Z>+ . }
=(1/m"){- : -+(—a)k(’Z)(nz/nk)
S Lo =DL. . (= D! mal] 4+ }
=(1/m"){- - -+(—a)"(',’:)[n!/(n—k)!](l/nk)

XY (m—=/[m—D .. (= Dyt on, ]+ - }

=(1/m”){- . +(—a)’<(’Z)(Z)kz(l/nk)m"*k+~ » } (19)
and thus,
S“=,§0 (—a/mn)k<’;:> (Z)k!. (20)

In the last step of the derivation in (19), we made use of the formula (14).
Using the formula

<”>=o, it m>n, @1)
m
we can rewrite (20) in the equivalent form
min(n,m)
Se= Y (—a/mn) (m) (”) k!, (22)
k=0 k/\k

which is symmetric in m and n, as it should be expected.
(ii) It is easy to verify that the maximum of the product
(1—az)...(1-az,), subject to z;+ - - - +z,=1,2,=0,...,z,=0, with
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0<ea <1, is achieved at
Z¥=---=zk=1/m.
Thus, since
m+---+n,=n and n=0,
if holds that

(I=an /(1 —any/n) ... (1—an,/n) <[1—m/m)a/n]"=(1—a/m)".
(23)

Using Inequality (23) in (18), we obtain

So<(1/m"YQ—a/m)™ Y nl/(m!. .. n,!)
=(1/m™)(1 - a/m)™m"=(1—a/m)".

(iii) Let m<n and « be a fixed nonnegative real number. Consider
the sum

AL

- (—a/m)k(’;:)[n(n—l) =k D))
k=0

-y (a/m)k<’Z>[n(n—1)...(n—k+1)]/nk

k=even
-y (a/m) <m>[n(n—1) L (n—k+ D]k, (24)
k=odd k

It holds that

(1/n%) (Z)k!=[n(n—- 1)...(n—k+1)]/n*

>(n—k+ D)*/n*=[1-(k—1)/n]*;

and since for any 5> 0 it holds that

Coyvimt— () ps (K. .. ..('f)
N AR
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we have
(1/n )( )k'>1—< )[(k—l)/n]=1—k(k—-1)/n. (26)
It also holds that
(1/n )( )k' [n(n—1)...(n—k+1D]/n*<n* /n*=1.
Using (25) and (26) in (24), we have

S.> ¥ (a/m)k(’,’:)n—k(k—l)/nl— y (a/m)“(’,’:)
d

k=even k=od

=§:(a/m)k< ) (I/n) ¥ (a/m)"( )k(k 1)

k=even

=(l—a/m)”=(1/n) ¥ (a/m)< )k(k b. @7

k=geven

Let us consider the second term of (27). It holds that

)} (a/m)( )k(k 1)

k=even
k<m

= X (a/m)< )k(k 1)

k=246,..

= kim (a/m)**(a/m)’m!/[(k—2)(m—k)!]

k=246,...

—@m? T (a/m

k=246, ...

X [m!/[(k— 2)/(m— (k= 2))[(m—k+2)(m—k+ 1)]

k<m

<(a/my Y (a/m)"‘z(k’fz)m(m—l)

k=246,...

k<m

=la¥m—1)/m] ¥ (a/m)"‘z( " )

k=2,46,... k=2
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Using the binomial identity with § =a/m, we have

[A+6)"+(1-86)"/2

1+62(’;>+64<T>+---+6’”(m>, m=even,
m .

= (28)
1+52(m)+---+5’"—‘< " ), m=odd,
2 m—1
which yields
k<m k—-2< m )
k=2;4z,6,,.. (a/m) k_2
—<r1 (rg)+(az/m)2 (’Z)Jr C+ (m’i2>(a/m)’"_2, m=even,
t (’3)+(a/m)2(r:>+- ot (m’i3)(a/m)"‘_3, m=odd,
([(1+ @ /my™+ (1 = a/m)"]/2— (a/m)" (m> m=even,
- " (29)
1[(1+a/m)'"+(1——a/m)'"]/2—(a/m)m'1(mri1>, m=odd.
Using (28) and (29) in (27) yields
Sa=(1=a/m)"=(1/ma’*(m—1)/ml(1+a/m)"+ (1 —a/m)™|(1/2)
(1/n)[a*(m—1)/m](a/m)" (m) m=even,
m
+
(1/m)la’(m— 1)/m](a/m)'"‘1( i 1), m=odd,
or
Se=(1~a/m)"—(1/ma*(m—1)/ml(1/D[(1+a/m)™+(1—a/m)]
+{(1/n)a?i’"[(m-l)/mm:]’ m=even, (30)
(1/ma""[(m~1)/m™ '],  m=odd.
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In either case, it holds that

liminf S,>e™ 7

mn—oo

Using now part (i), we have the desired result. (]

Let us now take ¢ =1. Applying Lemma 3.1, we have the following
theorem.

Theorem 3.1. If the elements of the m X n real matrices 4 and B are
chosen independently and randomly with the same uniform distribution over
any interval, then the probability that the resulting two-player Nash game
has a pure equilibrium solution is 1 — P,,,(F), where

PmF)=(1/m") Y [n(1=n/n)...(0=nu/ml/(m!. .. 10

nytet,=n
n20,...,n,>0

=mi“§1’") [—1/(mm)]* ('Z) (Z) k.

k=0

Applying part (iii) of Lemma 3.1 for @ =1, we also have the following
theorem.

Theorem 3.2. We have
lim P, (F)=e

mn—>—+oo

Remark 3.1. The importance of Theorem 3.2 is that it implies that, if
we consider all the two-player nonzero-sum games in the sense of Remark
2.5, then since (1—1/¢)=0.63, this means that 63% of them have pure
equilibrium solutions in contrast with the zero-sum game, where 0% have
pure equilibrium solutions. It should be recalled that another basic difference
between zero-sum and nonzero-sum is that the former have a unique value,
whereas the latter have different pairs of values for different solutions. Thus
in some sense, the nonzero-sum games, having more solutions than the zero-
sum ones, allow a higher possibility of admitting pure equilibria.

Remark 3.2. Let n>m. Using ¢ =1, and part (i) of Lemma 3.1, we
have

Pol(F)= 3, [—1/(mn)1’°(’:)(,’2)k!. 31)
k=0
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For the kth term of (31), it holds that

voor ()2

=[(— l)k/(mknk )] (r: ) [n!/kN(n—K)Jk!
=[(~1)/m"] (’Z ) [n!/n(n—k)!]

=(—1/m)* (’;) n(n—1) ... (n—(k—1))]/n*.

Since n(n—1) ... (n— (k—1)) has k terms, it behaves like #* as n— oo ; thus,
[n(n—1) ... (1n—(k—1)])/n*=n* /n* -1, as n—-+o00.

Therefore,

[—1/(nm)]k(;:l)(z>k!—+(—1/m)k(r:), as n—o0;
thus,
Pun(F)= Y (~1/m) (’Z>=(1 —1/m)",  for n—+oo.
k=0
Letting now m— o0, we conclude that

lim lim P,,(F)—e™', asnand m—o0. (32)

Thus, since
P (F)<(1—1/m)"—e™"
and

lim lim P,.(F)=¢',

m—oC R— 0
we have a good indication that

lim P,..(F)=e™.

m,n—»o0

To prove it, we need the more complex arguments used in proving part (iii)
of Lemma 3.1.
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Remark 3.3. Since
e =% (—a)*/k!,
k=0
it is reasonable to expect that, for the sum

Summ)='3 [(—a)* /KNS (k, m, n)

k=0
to converge to e “, it is necessary that

lim &(k, m,n)=1. (33)

mp— o0

For the formula of S, in part (i) of Lemma 3.1, 6(k, m, n) is given by

c[m\[n . .
5k, m, n) = (1/mn) (k)(k)k!’ if k <min(m, n), (34)

0, if k >min(m, n),

for which (33) holds, since
8k, m,n)=[m(m-1)(m—k+1)/m“]... [n(n=1)...(n—k+1)/n*]-1,

as m and n—+oo for fixed k. Thus, it is reasonable to expect that the sum
S, , as given in part (i) of Lemma 3.1, converges to e” “. Clearly, additional
conditions on &(k, m, n) beyond (33) are needed in order to guarantee con-
vergence of S, (m, n) to e “. Finally, it should be pointed out that 5(k, m, n)
may depend on more arguments and not just m and s. For example, instead
of (34), we could have

otk,m,n, 1)

(’Z)k!(l/m")(Z)k!(l/nk)(lgkz(l/l"), if k <min(l, m, n),
0, if k>min(l, m, n).
Clearly,
Stk,m,n, )=[mm—1)...(m—k+1)/m"]
x[n(n—1)...(n—k+1)/m-[I(I-1)...(I-k+1)/I]

-1:1:-1=1, as m, n, [ oo, for each fixed k.
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Remark 3.4. Part (ii) of Lemma 3.1 and (29) yield, for m<n,
(1=1/m)" 2 P,.(F)
2(1-1/m)" = (1/m)[(m—1)/m](1/2)
x[1+1/m)"+ (1 —1/m)™]

(m—1)/m™""',  m=even,

+(1/"){(m—1)/mm—‘, m=odd,

(35)

which can be used to estimate the rapidity of approximation of P,,(F) to
its limit.

4. Nash Game with More Than Two Players

In this section, we will first consider the three-player case. It will be
clear how the derived formulas generalize to the more-than-three-player
case. The cost of player i is given by

Ji(x7y, Z)=Za;;wcxkyWZaa i=1,2, 3;

where
k=1,...,n, w=1l,...,m, o=1,...,¢
X =0, xi+ - +x,=1,
Y20, oyt .=l

2520, 1+ - +z,=1.

Let P, (F) denote the probability that a two-player nonzero-sum game
with /X m matrices does not have a pure equilibrium solutions. Note that
P,(F) was calculated in the previous section; sece Theorem 3.1.

In order to calculate the probability that a randomly chosen game
with three players does not have a pure solution, we consider the following
experiment. Consider the three-dimensional grid of Fig. 1.

The possible pure equilibrium may arise as follows. For each fixed value
of n, say n=k, we are faced with a two-player nonzero-sum game with [ x m
dimensional matrices. If this / x m game has a pure equilibrium between the
two corresponding players, this will happen if the choices of the two players
meet at a particular point of the grid with k=fixed. The third player will
choose o points of the grid with k=1, o, points of the grid with k=2, and
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Fig. 1. Three-dimensional grid for a Nash game with three players.

so on, until he also chooses o, points of the grid with k=n. Tt will also be
o1+ o+ - to,=im.

For a particular configuration (4, . .., 0,), the probability of failing
to have the choice of the third player coincide with the choices of the other
two players on the subgrid with k fixed is

Py (F) + Pip(S)[(Im—01)/Im] =1~ (01 /Im) P1n(S) .
The probability of failing for each & is
[1=(o1/Im)Pp,(S)]...[1=(04/Im)Pim(S)].

The possible positions of the choices of the third player if o4, . . ., 6, choices
correspond to each horizontal subgrid (i.e., k=1, ..., n) are

(lm)(lm—oﬁ)“ _ (lm—m ... G”‘1)=(lm)!/(0'1!0'2! o).
2 o) On

It holds that [recall (14)]
y (Im)/(cy!...o)=n"

o1+t o=Im
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Thus, the probability of failing to have a pure equilibrium for the three-
player game is

Pp(F)= ¥ {[1=Pp(S)(o1/Im)] . ..

o1+ to,=Im
X [1 = Pp(S) (0 /lm)1/(01! . . . o)} (Im)! /™). (36)

Using Lemma 3.1 (i), we can rewrite Pp,..(F) as

Pin(F) = g {[l—Pl,m(F)]/lmn}"(Z)(?)k!. (37)

Let us summarize the above results in the following theorem.

Theorem 4.1. If the a},,, are chosen randomly and independently with
the same uniform distribution over any interval, then the probability that
the resulting three-player Nash game has a pure equilibrium solution is
1 - P,,.(F), where P, (F) is given by (36) or (37).

It should be clear to the reader how this result can be generalized to
the N-player case. In what follows, we concentrate on studying the limit
behavior of this probability as the number of actions or number of players
goes to infinity. Let us first consider an N-player game where the number
of actions goes to infinity. Let us denote by P"(F) the probability of failing
to have pure equilibria for an N-player game with infinite action sets for the
players. Since

lim P (F)=e™'=PX(F),

Im—+o0
using Lemma 3.1 yields the formula
P(F)=exp[-1+P(F)], P(F)=¢,
and more generally
PY*YF)=exp[-1+PY(F)], P(F)=e¢', N22. (38)

It is easy to see that the recursion (38) yields a monotonically increasing
sequence P"(F) which converges to 1 as N—+oc. This proves the following
theorem.

Theorem 4.2. If the number of actions available to the players tends
to infinity and the number of players tends to infinity, the probability of
having a pure equilibrium solution goes to zero.



436 JOTA: VOL. 87, NO. 2, NOVEMBER 1995

Next, we examine the case where the number of actions available to all
the players is fixed and equal to n, but the number of players N increases
to infinity. Let us denote by P (F) the probability that the randomly chosen
game does not admit a pure equilibrium solution. It holds that (see
Theorem 3.1)

PAF)=% (—l/nz)k(Z)(Z)k!. (39)
k=0
Using (37), we have

P)(F)= i {_[1_Pf(F)]/”3}k<n><n2)k!, (40)
k=0 k/\k
and using (38),
PIYF)= ¥ {—[1—Pf(F)]/n”“}"(”)(”N)k!. (@1)
k=0 k/\k
It holds that

PTN(E)

(D1 = PYENAn! /K n = )N ™) RN = k) (et /ey

M= EM:

(D1 =P/ E) A /RDnY/ (= k) N[ ™) /(™ — k)™ )

=
It
=)

=P;/(F)+ Z (D L= PIE)]I /KDt (n = k) U™/ (N = k)]

=PV(F)+ ¥ (=D*1-PY(F)*

k=2
x (1Y —=1/n) ... [1=(k=1)/n)(1=1/n") ... [1=(k—1)/n"]. (42)
The inequality
(1=-PY(P)Q/KYA~1/n) ... [I=(k—1)/n]
x(1=1/n")y ... [1-(k—1)/n"]
=[1= PV [1/(e+ D)1= 1/n) ... [1=(k—1)/n]
x(1—k/m(1—1/m™y.. . [1=(k=1)/a"Y1~=k/n") (43)
is equivalent to

12[1-PY(F)I[1/(k+ DI —k/n)(1—k/n"),
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which obviously holds, since PY(F)e[0, 1] and k <n, k<n”. Thus, for k=
even, the sum of the consecutive kth and (k+ 1)th terms of (42) [the kth
term is positive and the (k + 1)th term is negative] is nonnegative. Therefore,
the summation in (42) is nonnegative; consequently,

P U(F)2 PAl(F). (44)

Note that the monotonicity of P) (F) in N is important in its own sake. (44)
implies that the sequence PJ (F) converges as N-»o0. Letting now N— oo,
we conclude that, as N— o, a limit point of P) (F), say x*, will satisfy [see

(42)]
0= z DA =M A /YA ~1/n) .. . [1—(k—1)/n]

=(1—x*)? z EDRFA =21/ =1/n) .. (1~ (k=1)/n).  (45)
k=2

Clearly, x* =1 satisfies (45). Since for x* #1, x*€[0, 1), it holds that
A=x*) 21 /YA =1/n) .. . [1=(k=1)/n]> (1 —x*)*"!
x[1/(k+ 1)1 —1/n) ... [1—(k=1)/nl(1~k/n), (46)

the sum

n

Y DAFA-x*) TP A/A-1/m) L (1~ (k= 1)/n] (47)
k=2
is strictly positive [recall a similar argument in (43)]. Thus, the only root of
(45) is x*=1. To sum up, we have proven the following theorem.

Theorem 4.3. The sequence Py (F) converges monotonically to 1 as
N—+o00;i.e., the probability of having pure solutions, for a randomly chosen
N-player Nash game with a fixed finite multitude # of player actions, con-
verges to zero as the multitude of players goes to infinity.

It should be noticed that, in some sense, Theorem 4.3 includes Theorem
4.2, since Theorem 4.2 corresponds to the extreme case of Theorem 4.3
where the multitude of actions is not fixed finite n, but infinite.

5. Conclusions and Extensions

In this paper, we examined the probability that a randomly chosen
matrix game admits pure equilibrium solutions. We provided explicit for-
mulae for the probability of this occurrence for zero-sum and nonzero-sum
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games and studied their behavior as the number of actions available to the
players or as the number of players goes to infinity. We showed that, for
zero-sum two-player games, this probability goes to zero as the number of
actions goes to infinity. In contrast, for nonzero-sum Nash games, this does
not hold. Nonetheless, for Nash games, if the number of players goes to
infinity, this probability goes to zero independently of whether the number
of actions is finite or infinite.

Several extensions of these results can be examined. For example, matrix
games of particular structure correspond to the extensive form of dynamic
games; in particular, examination of the limiting behavior of the probability
of existence of pure equilibria as the time length goes to infinity is of particu-
lar interest. Another extension recommended by J. B. Cruz, Jr. is the follow-
ing: Cruz Problem. Considering the result presented here that a randomly
chosen zero-sum two-player game with infinite action spaces almost never
has pure equilibrium solutions, whereas a corresponding two-player Nash
game randomly chosen does have pure solutions with nonzero probability,
the following well-posedness problem arises. If we chose randomly a two-
player Nash game with infinite action spaces, subject to the restriction
| B+ A|| <€, is it true that the probability that it has pure solutions goes to
zero as €—0, so as to recover the zero-sum result? This problem is similar
in spirit to the examination of lack of well-posedness for dynamic differential
zero-sum games with respect to their limiting behavior as the time interval
goes to infinity, demonstrated in Ref. 4.

Another direction for investigation is the following. It is known that,
between zero-sum and nonzero-sum cases, there are important differences.
Perhaps, the most basic one is that the solutions of zero-sum games produce
a unique cost value for the players, whereas the solutions of nonzero-sum
games may result in different cost for each player. Another difference that
surfaced from the analysis presented in this paper is that the probability of
having pure equilibria in randomly chosen games is zero for zero-sum games
and nonzero for nonzero-sum games. Nonetheless, it was also shown that,
as the number of player tends to infinity, the probability of appearance of
pure equilibria tends to zero, i.e., recovers the zero-sum case characteristic.
An immediate question arises due to this behavior and it is the following:
Although an N-player nonzero-sum game may have many solutions which
result in differnt costs for each player, is it true that, as N tends to infinity,
although multiplicity of solutions may still be present, the resulting costs to
each player tend to a unique value?

A more general issue is the study of multiplicity of the solution cost
values for each player, its dependence on the number of actions and players,
and its limiting behavior as the number of actions or players goes to infinity.
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