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Abstract

We consider a class of Discrete-Time Linear Quadratic Games involving a major player
who has an infinite time horizon and a random number of minor players of several types.
Each type of minor player has its own time horizon and its own dynamic equation. At
every time step, the dynamic equation of each player depends on the state vector of the
currently active players and its own control. The number of new minor players of each
type, entering at each time step is a random variable following a Markov chain. Sufficient
conditions characterizing a Nash equilibrium of Linear Feedback Strategies are derived.
Games involving a large number of minor players are then studied using a mean field
approach. e~Nash equilibrium results are derived for the case with a large number of
players. Numerical examples are also given.

1. Introduction

In most of the dynamic game models the time interval during which the players are involved
in the game as well as the number of players that participate in the game at each time step is quite
structured. For example in finite or infinite horizon dynamic games e.x. [27], [6] all the players
participate in the game for identical time intervals. In overlapping generation games [26], [5],
[13] a known number of players of each generation enters the game at each time step and stays
for a certain period of time. Several attempts to impose less structure on the players’ time
intervals or on the number of players that participate in the game have been made. For example in
games with population uncertainty or in Poisson games [20] the number of players that participate
in the game is not known a priori. Games with random horizon have been studied in [2] in a
repeated game setting and in [28] in a differential game setting. In this class of games the time
intervals that the players are involved in the game are identical, however the time horizon is
random. In [14] a game with overlapping generations involving players with horizon 2 is
considered. The number of players of each generation is however random. This work is a new
attempt to impose less structure on the time intervals that the players participate in the game as
well as on the number of the players active at each time step.

In this paper we consider a Dynamic Linear Quadratic (LQ) Stochastic Game with players
having different time horizons, interacting for different time intervals. Particularly there is a
player with infinite time horizon, called the major player and many players with finite time
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horizons, called minor players, that enter the game at every time step. We suppose that each
minor player belongs to one of several, but finite in multitude, categories (types). Each type of
minor player has its own dynamics, cost function and time horizon (i.e. it stays in the game for a
specified number of steps). The minor players enter randomly in the game. Particularly at each
time step, the number of new players of each type that enter the game is a random variable with a
distribution depending on the number of players of each type that participate in the game at that
time step. The problem considered here is the characterization of a Nash equilibrium of Feedback
Strategies. After that, the case of a game with a large number of minor players i.e. the case which
the number of new minor players entering at each step is large, is considered. A mean field
approximation is used to characterize strategies, which are asymptotically optimal as the number
of new minor players in each step tends to infinity.

The motivation for the introduction of the major player comes from several game situations
where there is a long living agent or institution that at each time step interacts with a number of
agents and the interaction with each agent is maintained for a certain, rather small amount of
time. For example a bank that gives loans to households may be considered as a major player
with an infinite horizon and each person that assumes a loan as a minor player with a finite pre-
specified time horizon. The bank issues loans also to enterprises and other entries and thus it
deals with several type of customers. Another example of a game theoretic model involving
players with different time horizons and different types is a liberalized energy market ([15]) in
which there is a public power corporation with an infinite time horizon and many renewable
energy producers that take a permission to enter the system for a certain amount of time. A third
example is University Games [25], where the students of each semester stand for the minor
players and the university as a major player. Other examples involve the study of repeated games
with long-run and short run-players [8] such as chain store game and the study of reputation
effects [18],[7].

The interest for the games with large number of players is not new. In [21] games with a
continuum of players called oceanic games were introduced and a value for such games was
defined. Models with a continuum of players were also studied in [4] (see also [22 ch. X]). In
recent years the mean field approach in the study of games with large number of players was
introduced [9]. The closely related methodology of Nash Certainty Equivalence was recently
developed in order to obtain asymptotic Nash equilibrium results as the number of players tends
to infinity [10]. Stochastic games with large number of players have been considered in [11]. An
LQG game involving a major player and a large number of players of infinite time horizon is
considered in [12] and asymptotically optimal decentralized feedback strategies were
characterized.

In games with random entrance that we study in the current work, the future number of
players is not known precisely and thus the dynamic equations are linear but uncertain. The
problem of random entrance is thus reduced to the study of coupled finite and infinite horizon LQ
problems for Markov Jump Linear Systems (MJLS). Thus the Nash equilibria are characterized
using appropriate coupled Riccati type equations. For the large number of players case, the mean
field approach involves the statement of approximate optimal control problems assuming an
infinity of players. In that case e-equilibrium results are proved. The method used to prove the -
equilibrium results is based on some results connecting the stability and the LQ control of MJLS
with the convergence of a sequence of Markov chains. These results are proved in the Appendix
and may be of independent interest.

The rest of the paper is organized as follows: In section 2 the dynamics of major and minor
players as well as the cost functions are defined. In section 3 sufficient conditions for a strategy of
a player to be optimal given the strategies of the other players are obtained. In section 4 sufficient
conditions on a set of linear feedback strategies to constitute a Nash equilibrium are obtained. In
section 5 a numerical example is given. In section 6 the problem with a large number of players is
approximated by a mean field model. Then some e-Nash equilibrium results are obtained. In
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Section 7, we conclude and propose some directions for future research. The proofs of the results
in the text are relegated to the appendix.

2. Description of the Game

The random entrance of the minor players is first described. Let (Q,S, Pr) be a probability
space. The number of the types of minor players is finite; denote by 1,2,..., p the types of minor
players. For a minor player of type j € {l, 2, p}, let 7', be its horizon i.e. the number of steps
that this player stays in the game. Consider a countably infinite set of minor players
A=N= {1, 2,...} . For any minor player ie A, let ¢ :QQ—>N u{oo} be a stopping time
describing the time step at which the player i enters the game. At each time step k , the number
of the minor players of each type that participate in the game may be described by the vector:

Ve = (NN NN N NPT NP NN s, (1)

where N/'=#I/', I/" the set of players of type j with entrance time k—I[ for
[=0,1,. ST —1 and s, the maximum possible number of active players and will be called the

p T

scale variable. Let us also denote I, :UUI k’ !, the set of active players at time step k.
j=11=0

Suppose that the number of new minor players of type j that enter at time step kK +1 i.e. N/ 70 o 1S
a random variable with distribution that depends on Yy, . Thus the random entrance is modeled by
a Markov chain y, with a finite state space and let 1,2,..., M be an enumeration of the Markov
chain state space. We shall use the vector form (1) and the enumeration 1,2,...,M
interchangeably. Denote also by I = [ pij] the transition matrix i.e. Pr( Ve =Jly, =i ) =Dy-

Each player participating in the game has its own dynamic equation. The evolution of the
state vector of each player depends on the state vectors of the currently active players and its own
control. The dynamics of the major player is described by:

Y(k+1)= AYxM (k)+ D F"x' (k) /s, +B"u™ (k)+w" (k), 2)
iel

where x* and x' are the state vector of the major player and minor player i respectively and

Z. is the type of player i. The stochastic disturbances wh (k) are zero mean iid random

variables with finite variances. Denote by D" the covariance matrix of w" (k ) The initial

condition for the major player xM (0) is also of zero mean and has a finite variance.
The dynamics of the minor player i is described by:
¥ (k+1)= A%x (k) + GAx™ (k) + 3 F“2x (k) 15, + B“u' (k) + w' (k) 3)
Jel,
The initial condition for the minor player i is random and given by:

x'(t)=w'(,-1). (4)
The stochastic disturbances W' (k), iel, are independent for each time step k and

independent of the previous values of the state vectors. For each minor player the disturbances
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w' (k) are zero mean iid random variables with finite variances. For a minor player i € A of

type j € {1,..., p} , denote by D’ the covariance matrix of W' (k)
In order to define the cost functions of the players let us introduce the following quantities:
K= T (k) s 2 () =[20(k) e TR e OR) e R,
il
where we use the convention that the sum of an empty set of vectors is the zero vector of

appropriate dimensions. Let us call the vector Z, the vector of mean field quantities. The cost
function of the major player is given by:

MzE{ga"H(xM(k))T 7 () Je ()| (+" (1))’ ZT(k)T+(uM(k))TRuM(k)} (5)

where Q( y), y e{l,...,M } and R are positive semidefinite and positive definite matrices

respectively of appropriate dimensions and a € (O, 1) is a discount factor.

For the minor player i € A the cost function is given by:

Ji ZE{()NCi)T(t,« +TZ(i))ij" (yzi+rz(i))(i")T(f,- +TZ®)+
+z[( V(1 +K) Q% (v )xi(ti+k)+(ui(ti+k))TRZ"u"(ti+k)}}
where 3 (K)=[ (+* (1) 27 (k) (<) (K) ]+ vellonh}, 0F (3) and Q7 () are

positive semidefinite matrices of appropriate dimensions and R positive definite matrix of
appropriate dimensions.

Remark 2.1: Linear dynamics describing the state of the universe may also be included in
the model as a part of the state vector of the major player. More general cases with time varying

QZ’ (yk) , or dependence of AM FY4 BM A% GE ,FZ’Z’ ,B% on ¥, may be considered. The

dynamic equation of the major and minor players may also depend on the weighted sum of the
values of the control variables of the other players. These cases may be analyzed with the
methods considered here. For notational simplicity we consider the cases given by (2), (3), (5)
and (6). m|
Let us suppose that a player involved in the game at time step k has access to the value of

(6)

the state vector of the major player x" (k) , the mean field quantities Z (k) , the value of its own

state vector and the value of the Markov chain y,. The problem considered here is the

characterization of a Nash equilibrium of closed loop strategies. We shall focus on feedback
strategies [6 Def 5.2] i.e. on strategies that depend only on the current state measurements.

Particularly a minor player i € A uses a strategy in the form:

u' =L (k—1,y,)x ZZL (julk—=t,y)2" (k)+ L% (k—1,y,)x' (k) (D
j=1 =0
and the major player uses a strategy in the form:
p ;-1 .
w' =L (y )5 (k) + D> L (july, )2 (k) (8)

j=1 1=0



3. Optimal control problems

In this section the optimal control problems for the players involved in the game are stated
under the assumption that the other players use strategies (7) and (8). The dynamics of a player as

well as its cost function under the control laws (7) and (8) depend only on x" (k) , Z (k ) , the

value of its own state vector and y, . Thus optimal control problems for the players will be stated

based on reduced order models involving only these quantities and solutions of the optimal
control problems are again in the form (7) and (8). At first the evolution of the mean field vector

Z(k) is computed. For the component z’', j=1,...,p and [=0,...,T, —1 itholds:

)= 3 (k)= 3 ()

Se ierfy ¢ icl}
For i € ij’[ it holds:
T;-1
X (k+1)=A'x (k)+G'x" (k)+f F72" + Bu' (k)+w' (k)
j'=11'=0

Thus we have:

, - NI RS i
D (k1) = A (k) + =GO (k) + ==Y Y B (k) +
S(: S(r J=11=0
| )
+—B/ > u' (k)+— D w'(k)
sc ielkf’l SC iEIl{'l

To compute the evolution of Z it remains to compute 7?0 (k + l) . It holds:

20 (k+1) = Z ‘(k+1)= Z (k) (10)

L zelhl c zelk‘;
3.1 Optimal control for the major player

The dynamics and cost for the major player depend only on the quantities x*, Z and y.
Thus using (7), (9) and (10), the evolution of these may be computed:

Tj—l
(k1) = A2 (k) + 505 P (k)4 B (k) + w' (k).
j=1 1=0
0 (k41)=— 3w (k).
Sl,‘ ieI,{ﬁ

il

2 (k+1)= AlZ? (k)+N_k(G1 +B/IM (l,yk))xM (k)+

s,

il p T Nt . 1 ;
NS (FT+BL (0 Ly, )2 (k) + =BT (Ly,) " (k) +— Y w (k)
SC J=L=0 SC Sc iEI,{'[

The evolution of x" and Z may be described in compact form:



M M
X (k + 1) IM X (k) M M M
=A" (y,)| _ +B"u" (k)+wW" (k) (11)
Z(k+1) Z(k)
where:
[ XM IM M M M
AxMXM Axle,o Axle,Tl—l AxMZp,O AXMZ]?,TI -1
M M M AM IM
AZ],UXM AZI,()Z],U AZ],OZI,T]f] AZ],()Zp,lJ AZ]'O p,Tpfl
1AM M iM iM iM
AM _ Azl,T]—]xM Az],Tl—lzl,O Azl,T]—]Zl,T]ﬂ AZI,T]—]ZIJ,() ZI‘T],]ZIJ,Tpfl (12)
IM M IM M M
AZF‘UXM AZp,()Z],U Azp,ozl,rl—l Az,mzp‘u zpvozp,Tpfl
M iM iM iM AM
_AZ,;,T,,flxM AZ]?,TI,le]YU AZ,;,T,,AZ[,T],I 2T po Pl Tyl )

A)I:Al/[xM (yk):AM’
_ Nj,l—l
A:/If"xM(yk): £
Se
AZOXM(yk):O’

ji-

A://I’sz'f (yk) = ;

c

Aéwmzﬁ,, (y)=0 and

(FII +B'I (j',l',l_l’yk))

A (v)=F",

(Gj +B/LM (l—l,yk)) for [ >1,

=117,

BM

BM:L) }

ji-

+8.,,6,; [Af +Nk—B-fEf(z', yk)J for [>1,
N

c

Thus the optimal control problem that solves the major player is a discounted infinite horizon LQ
control problem for a MJLS. The problem is stated as:

Minimize:

g =E{§a" H(XM (6) 2 () jo(r)] (+ (k)

subject to:

Z(k+1)

Z(k)

T

I RS i R ORCRAE

3.2 Optimal control for a minor player

Consider a minor player i, with entrance time L and suppose that other players use the
feedback strategies (7) and (8). Then the evolution of the state vector and the cost of i, depend
only on x”, x", Z and y. The evolution of vector Z is computed substituting u" from (8)

and u' from (7) for all minor players except I, . It holds:



(k1) =2 3w ().

S 0
c iell}

for j#Z, orl#k—t, itholds:

j.l
"M (k+1) = A’2" (k) +&(Gj +BLY (1, yk))xM (k)+

SC
gl p Tpl il
R i (F"+B/L(j10y,))"" (k)+£Bij(l,yk)zj" (k)+i2w" (k)
S, =10 S, Se ierf!
andfor j=Z and [ =k—1,_ itholds:
il il
S (k+1) = Al (k) + [G-’ NN i, yk)j W (K) =L BT (1,y, )5 (k) +
Sc k SC
Nt 2 N’l 1 ; N .
+—= [F” —~——BL(j\I' lyk)] "(k)+—=B'L’ (1,y,)z"" (k)+
S, j=1 =0 Nk S,
+ L gy (k)+i > wi(k)
S. S. ze]”

The evolution of the state vector of the major player is described by:
T;-1
XM (k+1)=(A" +BYL"™ (y,))x" (k) + iZ(FMj +BY L (jily,)) 2" (k)+w" (k)
j=1 1=0

Thus the evolution of the quantities x", 7 and x° may be described in a more compact

form:
M (k+1)] M (k)
Z(k+1) =AM (k=1,.3,)| 2(k) |+ B " (k)+W" (k) (13)
x° (k + 1) X (k)
where: j, _ Z,,
AL AL A AL AL AL

Ajo Ajo Ajo Ajo A]o Ajo
10 M 10,10 0171 10_p.0 Pyl )
70y 710 ZIOZ i 71020 10 Ty Zl,(lxl(]

A, A A by AR
LGl M 1110 171 1L 11 _p.0 \Zi-1_pTp-1 A P
717y 7717z z 1 7717z AP i1y do

A Jo _ — 14
A (k tl.o,yk)— (14)
AJo AJo AJo A Jo Jo Ji
Azp,(lXM Azp,(lzl,() AZIJ,OZI,Trl Azp,(lzp,(l A P0P Tyl Az;) 0.0 4o
Ao Jo Ao Jo Jo Jo
Al’va’lM AI’,110 : A/l,llnl . All, 1 p0 Allplll, AFTpl()
F4 X z z
Ao Jo Ao Jo Jo Jo
_A,CIOXM Axiozl,() Ax@ 171 A 0 ;PO A’C,'Ozp,T,;l Axmx

and



Ay (k=1 y,)= A"+ B L™ (3,), A (k=3 ) = F+BYL" (il y,).
Jil

k (GJ +BJ'LJM (l’yk))_iBijM (l’yk)é‘j,z 5lk—t. for l+121,
s s ig D

Al (k=t:3¢) =

Az@"’x“ (k _tio’ Yk ) =0
Jil

k (ij'JrBij(j"l"l’yk))_

c

i
+——BL'(l, yk)Jé‘j,j'é‘l',l +

c

Al (k—tio,yk):(Aj

1 L
_S—BJLJ (] WAV yk)5,,-~,z,.051,k7,,.0

c

0, A, o (k=t,,3,)=0,

A/(z)o e (k L yk)

A](/)l] o (k—t,-o’yk) _lB L](l yk)é‘ é‘lkz

(

Ax{gxM(k—tio,yk)zG‘U, Aojl(k t, yk) Fi, A (k f, yk) A%
0

and B? =| 0
B™

Therefore the optimal control problem that solves the minor player i, is a finite horizon LQ

control problem for a MJLS. The problem is stated as:
Minimize:

Jf=E{(i")T(t,-+Tz(,-))Qf(yt.+T_))(i")T(tﬁTz(,-)*
fz’l[( Y (1 +K)Q% (o )xj(tl.+k)+(ui(tl.+k))TRZ’ui(ti+k)J}

k=0
subject to:
xM (k + 1) x (k)
Z(k+1) =AM (k—t,,3,)| 2(k) |+ B " (k)+W" (k)
X (k+1) x (k)

4. Optimality Conditions and Nash Equilibrium

The optimal control problems: minimize (5) subject to (11) and minimize (6) subject to (13)
are solved in [17]. The solution of the optimal control problem for the major player is given in

terms of some matrices: K( y),A( y) for y=1,..., M . Particularly if there are matrices

K(y),A(y) such that:

K(y)=Q(y)+(AM)T(y)(aA(y)—aA(y)TEM(R/a+(1§M)TA(y)BM)_I(BM)TA(y)JAM(y) 15)



A(y)ZE[K(ym)'yk=y]=§‘,py,1<(j) (16)

j=1
for y =1,...,M then the control law given by:

uM(k):—((f?M)TA(yk)f?M+R/a)I(EM)TA(yk)AM(yk)[(xM(k))T ZT(k)T a17)

is optimal under some stability conditions ensuring that the cost with the control law (17) is finite.
To state the stability conditions consider the matrix:

~ ~ ~ ~ ~ 71 ~ ~

A ()= A" (5)-B" ((B") A(»)B" +R1a) (B") A(y)A" (5)
that corresponds to the closed loop behavior of the system. Then the stability conditions depend
on the spectral radius of an n,, (nM +1)(M /2)XnM (nM +1)(M /2) matrix T , where n, is

the dimension of the state vector of (12). The matrix T is the matrix form of the operator T
defined in the Appendix Al and may be computed using the relationships:

T = Pact A (i)e, e AY (i)e, o

V(juiyain) " (i) ij
where:
v(jisty ) =ny (ny +1)(7—1)72+ (i, 1) (ny, +1) =i, (i, =1)/ 2+, —i, +1.
If the spectral radius of T isless than 1/a then the control law (17) is optimal.
For a minor player i, the optimal controller is computed using recursively the following

relations:

K (v)=07(y) (19)
M

Al (y)= E[ngl (Fueten, )12, = y} = p, K2 (J) (20)
=0

KL (r)=0 () + (A" (k) [Af () -

—Aéil(y)B“(R(Y)+(B’°)TA£L(y)B’°) (B’(’)TA;Z‘LI(Y)}A’“(k,y)
The optimal control is then given by:

(kﬂ,.o):L;o(yk%)[(xM (k+1,)) 2 (k+t) (» (kﬂ,.o)ﬂ 22)

where:

L () =~(R(3)+(B) A (0)B°) (B*) A (3)A° (k) 23)
In order a set of feedback strategies to constitute a Nash equilibrium, each strategy should be

optimal given the other strategies. Thus some consistency conditions are stated in the next
definition.

Definition 4.1: Consider the set of feedback strategies (7) and (8). Compute the matrix AM
and the set of matrices A’ (k,y) for j=1,...,p, k=0,..,T,—1 and y=1,...,M . Then the set

21

of feedback strategies it is called consistent if:
(a) There exist a set of matrices K(y),L(y) , y=1,..,M satisfying (15) and (16) and

moreover it holds:



o (y)z—((éM ) A(y)B" +R/a)_l(1§M ) A()A (y)[1, 0 .. 0] (24)
and

L(jl, y)z—((éM)TA(y)éM +R/a)_l(§M)TA(y)AM( WO .. 01, 0. O]T (25)
for j=1,...,p, k=0,..,T,-1 and y=1,...,M , where n, is the size of the state vector of a
minor player of type j and Inf appears after 1+7) +...+T, , +1 zero matrices of appropriate
dimensions (in the same place as z* in [xT zTJT ).

(b) The spectral radius of the matrix T computed using (18) is less than 1/a.
(c) For any type J, if the vectors Lf;” (y) for y=1,...,M and k =0,...,T; =1 computed by (19
- 23) satisfy:

LM (ky)=Lr (y)[1,, [0 .. 0] o] (26)
T

L (juLk.y)= L’“(y)[ [ 0 1, 0 .. 0] 0 @7)

D (ky) =1k (5)[0 ] I] @)

I », appears after I+7, +...+ T, , +1 zero matrices of appropriate dimensions (in the same place
T

o N\T
as z in |:xT 7 (xlo) } ).

Proposition 4.2: Consider a set of strategies in the form (7) and (8) and suppose that this set
of strategies is consistent. Then it constitute a Nash equilibrium.

Proof:
The strategy of the major player is optimal due to the Proposition 5.1 of [17]. The strategy of
any minor player is optimal due to the Proposition 4.1 of [17]. O

Remark 4.3: The consistency conditions (12), (14) and (24 - 28) are Riccati equations with
two types of coupling. The first type of coupling is though the A matrices according to equations
(12) and (14) and has the same nature as the coupled Riccati equations of the LQ games [27
section 3], [24]. The second is through the A variables and has the same nature as the
interconnected Riccati equations in the study of LQ control of MJLS [1]. O

5. Numerical Example

In this section an algorithm for solving the consistency conditions is developed. The
algorithm is applied to a simple example involving a major player and one type of minor players
having time horizon 2. The dependence of the feedback gains on the Markov chain state variable
is then numerically studied for several values of the parameters.

The algorithm initially guesses a value for the feedback gains. With the assumed values it
computes the matrices for the optimal control problems. Then the optimal control problems are
solved and new feedback gains are computed. The new feedback gains are used to compute the
system matrices and solve the optimal control problems and so on. The algorithm is the
following:

Algorithm 5.1:
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Step 1: Take an initial guess for the vectors L (k, y), r (l,l,l', y), L (k, y), ) e (y) and
5 (l,l,y) for y=1,...M k=0,1and [,]'=0,1.

Step 2: Compute the matrices Al (k, y) for y=1,...M k =0,1 using (14).

Step 3: Compute L (k,y), L'(L,1,I',y) and L' (k, y) using (19 - 23) and (26 - 28).

Step 4: Compute the matrix AM using (12)

Step 5: Set LMM (y) o™ (y) and L%d (l,l,y) =" (l,l,y) for y=1,...M k=0,1 and
[=0,1.

Step 6: Compute matrices K(y),A (y) for y=1,...,M to satisfy (15) and (16)

Step 7: Use (24) and (25) to update the values of o™ ( y) and LV (1, [ y) .

Step 8: If [z Lf}”g( )—LMM H +

1

2L

=0

M=

Il
—_

y=1 y

2 172
old ll y LM L1, y H ] is small enough

then halt. Else go to step 2. O

Remark 5.2: Step 6 may be implemented in several ways. Probably the simpler is to use the
value iteration algorithm described in the proof of proposition A.1.4.1. Other numerical methods
involve [1]. O

Let us then apply the algorithm to the following example:

Example 5.3: In this example major and minor players have an one dimensional state
equation. The time horizon of each of the minor players is 2 and the maximum number of minor
players participating in the game at some time step is 4. At each time step either one or two new
minor players enter the game. Thus the entrance dynamics is described by a Markov chain with

maximum number of active players 4 and 4 states: (1/4,1/4),(1/4,2/4),(2/4,1/4) and
(2/4,2/4) . We use the enumeration (1/4,1/4) -1, (1/4,2/4) -2, (2/4,1/4) — 3 and
(2 14,2/ 4) — 4 . The transition matrix of the Markov chain is given by:
09 0 01 O
02 0 08 O
[0 03 0 07
0 08 0 0.2

The dynamic equation of the major player is given by:

M (k+1)= Zx (k)+w" (k)

zelk

and the dynamic equation for a minor player is given by:
xi(k+l)=xi(k)+clx Zx +W(k)
IEIk
where by ¢, we denote all the coupling coefficients. Thus the parameters of the state equations

are given by: AY =1, FMl:c1 ,B" =1, A'=1, Glzcl, F“zcl,and B'=1.
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The Q matrices are given by Q(l) =Q(1) = Q(3) =1, and Q(4) = (1+02)I3. Assume
also that the matrices Ql(y) are given by: Q]l, (y) = Ql(y) =1, for y=1,...,4 and the R

matrices are all units. The discount factor is a =0.95.
For example if ¢, =c, =1, after 20 steps of the algorithm, the gain matrices change less than

107" . The gain matrices for the major player are given by:

L™ (1)=-0.6461, L™ (2)=-0.6982, L™ (3)=-0.7862, L™ (4)=-0.7301
" (0,1)=-0.8668, L"(0,2)=-0.9867, L'(0,3)=-0.9836, L (0,4)=-0.9361
[ (1,1)=-0.6461, L' (1,2)=-0.6982, L"(1,3)=-0.7862, L"(1,4)=-0.7301
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Figure 5.2: Dependence of the feedback gains on the (' matrices.

We then study the dependence of the feedback gains on the Markov chain state space for
several values of ¢,c,. The Algorithm 5.1 is applied for ¢, € [0,10] and ¢, =0 as well as for
c, € [0, 10] and ¢, = 0. The results are presented in the Figures 5.1 and 5.2 respectively.

The numerical results illustrate that the feedback gains depend on the Markov chain state
variable due to two reasons. The first is the coupling in the dynamic equations and the second is

the dependence of the O matriceson y . O
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6. Large Population Case

In this section we use a mean filed approximation in order to study games with a very large
number of players. This approach involves the statement of some approximate optimal control
problems that correspond to the limit of those in section 3 as the scale variable tends to infinity
i.e. the number of new minor players at each time step tends to infinity. The Markov chain with a
large number of states is approximated by a Markov process with a continuum of states and thus a
notion of convergence of Markov processes is first recalled in section 6.1. Then the solution of
the approximate optimal control problems for the major and minor players is characterized by
appropriate Riccati equations and consistency conditions analogous of those of section 4 are
stated. Finally it is proved that a set of feedback strategies satisfying those consistency conditions,
constitute an e-Nash equilibrium for a game with a very large number of players.

Another motivation for the use of the continuous approximation is computational. The state
space of the Markov chain that describes the random entrance grows fast as the maximum
number of players increases. For example if there is only one type of minor players that has a

time horizon 5 and the new minor players in each step belong to the set {1, 2,..N } then the
state space of the Markov chain describing the entrance has N points. Thus the equations
characterizing a Nash equilibrium (Ded. 4.1) depend on many parameters and thus are very

complicated. On the other hand in several cases the situation is much simplified using the
continuous approximation (example 6.3 and section 6.4).

6.1 Convergence of stochastic kernels

The approximation of the Markov chain with a Markov process with a continuum of sates is
based on the notion of weak convergence of Markov processes (Def 6.2). The continuous state

space of the Markov process is defined as a subset of IR” that contains the values of the Markov
chain.

The dimension of the vector y, as defined by (1) depends on the time horizon of each of the

types of players involved in the game. Particularly it holds dim(yk) =T, +..+T,=T,,. Thus

tot *

the state space of the Markov chain is a subset of:

Loy
D= {(y1 Vi JERM Dy <1y, 20,i= 1,...,7‘,0,} (29)

! i=1
The Markov chain may be described using the notion of a stochastic kernel.
Definition 6.1: Let D'= {dl,...,dM} cD and P= [p;] a M x M stochastic matrix. The

stochastic kernel that corresponds to the Markov chain with state space D' and transition matrix
P is defined as:

I?(y’B):Pr(kaEBl)@ :y): z pj

Jjd;eB
where i = min {arg min {”y —dl”}}, ye D and B aBorel subset of D. i
l

A notion of convergence of stochastic kernels is then recalled form [16] and a notion of
continuity of stochastic kernels from [19].

Definition 6.2: (i) We shall say that a sequence of stochastic kernels EV converges weekly

to a stochastic kernel K if for any sequence y, of elements of D converging to an element y

of D and any continuous function g it holds:

13



[ 2K, (3.3) =] 2(3)K(3.y). (30)
(ii) A stochastic kernel K is called Feller continuous if K ( Y, ) =K ( ¥, ) when y, —>y. O

Let us turn back to games described by the relationships (2—-6) and a large number of minor

players. To do so we consider a sequence of games with increasing number of minor players. Let

us denote the v -th game by g" and its parameters by x", x"" u™ , w™" W™, s" ", J"" I

in the place of Moxul o wtw ,sc,z,JM,J’. For the scale variable it holds: s — oo as
v — 0. The state of the Markov chain describing the entrance is denoted by y,, the number of

states of the Markov chain by M" and the corresponding stochastic kernel is denoted by K".
Conclusions about the final part of this sequence of games are obtained under the assumption that
the stochastic kernels K" converge weakly to a stochastic kernel K of a Feller continuous
Markov process. The stochastic kernel K, thus, approximates the final part of the sequence of

Markov chains. We also suppose that the matrices Q(yl.v),Q]{ (yl.v),Q'i (ylv) for i=1,.M"

are samples of continuous matrix functions Q ( y) , Qf’ ( y) ,0’ ( y), for yeD.

Example 6.3: Consider games involving one type of minor players of time horizon 2. At each
time step each one of v players enters the game with probability p . Thus the new minor players

at each step follow a binomial distribution. The entrance dynamics is thus described by the
Markov chain y, = [N,i’o’v N,i’l’q/s:, s’ =2v and it holds:

Pr(Ny, =i)= (V] p(1-p)".

i
Let us denote by K" the stochastic kernel describing the Markov chain y, .

The random variable N;*" /s, converges weakly to the value pv . Thus the Markov chain y;
may be approximated by a Markov process which has a stochastic kernel:

K((y:3:))=6(p12.3,).

where & denotes the Dirac measure and it holds K" — K weakly. This example shows that for
the large number of players case the approximate description of the Markov process in several
cases may be much simpler than the original O

6.2 Approximate Optimal Control Problems

In this subsection an approximate optimal control problem for each one of the players
involved in the game is stated. We suppose that every player assumes that the other players use
feedback strategies in the form (7) and (8) as well as that the game has an infinite scale i.e. the

Markov process has the approximate stochastic kernel and the scale variable s, has an infinite
value. The approximate optimal control problems are, thus, stated in terms of the approximate

dynamics for which, for simplicity, we use again the symbols xM s xi, ui, w", wi, Z.

Approximate optimal control problem for the major player:

T
T
The optimal control problem is stated in terms of the state vector [(XM) ZT} . The

evolution of this vector is given by (11). The optimal control problem for the major player is the
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same as in section 3 except that y, ~K ( yk,-). The solution of the problem is given in terms of

the following quantities [17]:
-\

K(y):Q(y)+(AM)T(y)(aA(y)_aA(y)TBM(R/a+(éM)TA(y)BM) (BM)TA(y)jAM(y) G1)

A(y)=E[K ()l =y]=] K(3)K(3dv) (32)
The policy given by:

- - -1 - T
u, = —((BM ) A(y,)B" +R/a) (B") A(y)A" (yk)[(xM (1) = (k)} (33)
is optimal provided that with this control law the cost is finite. A sufficient condition for the

finiteness of the cost is derived in terms of the spectral radius [3] of a certain operator T = TAM z
el >

defined in the Appendix A.1 where Aff ( y) is the closed loop matrix:
-1
A (y)= A" (y)-B" ((EM ) A(y)B" +R/a) (B") A(y)A" (y).

Approximate optimal control problem for a minor player:

Consider a minor player i, with entrance time t, - The evolution of the quantities xM,

7 and x“ may be described by:

M (k+1) X (k)
2(k+1) = AN (k=15 )| 2(k) |+B u" (k)+W" (k) (34)
X (k+1) 2 (k)

where: j, =Z, and

Al (k=13 )= A" +BYL™ (y,) AL (k=t,,3,)=F"+B" L' (j.l,y,)

AZ?H]"M (k_t"‘)’yk): y’?l(Gj +B’L" (’l’yk)) for [+12>1,
A;?'OXM (k_tio’yk):()

Ao (k=t, 3 )= (A + 3 BT (L,))6, 8, + ' (F¥ +B'L (10, y,)) (35)

Any (k=13 )= A%, (k=1,.9,) =A%, (k=1,.7,)=0.

Al (k=t,3,)=G" A%, (k=1 )=F"" Al (k=1,,5,)=A",
0

B"=[0 | and y/
B

We observe that the matrix A® does not depend on time as well as that it has simpler
expressions than (14).

The solution may be computed recursively using the following relations [17]:
K (v)=07 () (36)

= yeTl ol +l+1
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Al () =E [KZL (Fueten, )1V, = y} = [ KL (K (v.dy) (37)
kP (3)=0(3)+ (A" (») [AL, ()~
AL )B (R (B 22, (008 ) (B 2, (0)]3* )

The optimal control is then given by:

u]io+ti0 _ Lio (ykﬂio )li(xM (k + tl.o ))T 57 (k + tio ) (xio (k + tio ))T:| 39)

where:

()= (R, (B A ()5 (B A ()3 () @

(38)

6.3 Consistency conditions and e-Nash equilibrium

Consider a set of strategies in the form that is given by (7) and (8). We first give
consistency conditions for the approximate optimal control problems.
Definition 6.4: Consider the set of feedback strategies (7) and (8) assume that depend

continuously y . Compute the matrix AM and the set of matrix functions A’ ( y) given by (12)

and (35) for j=1,...,p and y e D . Then the set of feedback strategies is called approximately
consistent if:

(a) There exist matrix functions K ( y) ,L( y) , y €D satisfying (31) and (32) and moreover it
holds:

£ (3)=((B") A B +rIa) (BY A (O)[L, 0 -~ 0] @

and

~ ~ -1 ~ T
2 (jil, y)=—((BM)TA(y)BM+R/a) (B) AMA (M0 . 01, 0 .. 0] @
for j=1,..,p and yeD. In (42), In/_ appears after 1+7, +...+Tj_l +[ zero matrices of
. T
appropriate dimensions (in the same place as z’ in [xT ZT} ).

(b) The operator T = TAM 2 has a spectral radius less that 1/ a .

(c) For any type j, € {1,...,p} if the vectors L,i“ (y) for ye D and k=0,...,7;, —1 computed
by (19 - 23) satisfy:

L (ky)=12 ()1, [0 .. 0] o] 43)
L (julky) =L (»)[0 [0 . 0 1, 0 .. 0] O]T (44)
ro(ky)=th (o [o . o] 1, | (45)

where /, in (44) appears after 1+7, +...+ 7, +1 zero matrices of appropriate dimensions (in

T
. \T
the same place as z’ in [xT 7z’ (x’O) } ). o
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A set of approximately consistent policies is applied a game with a large number of players
g". This set of policies constitute an g-Nash equilibrium i.e. for any player, given the strategies

of other players, its strategy has a cost at most € far from the optimal provided that the closed
loop system is mean square stable. This property is illustrated by the following Theorem 6.5 and

its Corollary 6.6. Let us denote by J** (”(7)(8)) and J" (77(7),(3)) the value of the cost functions

using the policies (7) and (8) for the major player and player i respectively. Denote also by

(J My (7[(7)’7 W )) the optimal value of the cost function for the major player when the minor

*

players apply the policy given by (7) and (J v (7[(7),(8),—:')) is the optimal value of the cost

function for the minor player i when the major player uses strategy (8) and other minor players
use the strategy given by (7).
Theorem 6.5: Consider a set of feedback strategies given by (7) and (8) and assume that it is

approximately consistent. Then for any positive &, there exist a positive integer v, such that:

M,y < M ( ))>k

I (%) < (J Topm)) +€

iw iwv : m\T ~T i\’ ?
J (ﬂm(g)) < (J (7[(7),(8)’71.)) +e|1+E [(x ) (z,) Z' (1) (x ) (tl.)}
for every v 2.
Structure of the proof:
The proof of the second inequality is based on the fact that the optimal policies for a minor player
involve continuous functions of the state vector and Markov chain and properties of the weak
convergence.
A basic step in the proof of the first inequality is given in Appendix A.2 where it is shown that
some stability properties of MJLS are preserved under weak convergence. It is then shown that
the final part of the series involved in the costs is small in some sense, uniformly in the initial
conditions, and thus it suffices to compare finite series. The result for finite series is similar to the
proof of the second inequality.
The detailed proof is relegated to Appendix. More general results are first shown in section A.3
and particularly in Propositions A.3.1 and A.3.2. Theorem 6.5 is then proved as a consequence of

these Propositions in section A.4. O
Corollary 6.6: If in addition of the assumptions of Theorem 6.5, the spectral radius of the

operator T = TAM ¢ 1s less than 1 i.e. it holds r(T) <1, then the set of strategies given by (7)

and (8) constitute an e-Nash equilibrium for large Vv i.e.: for any positive &, there exist a positive
integer V,, such that:

" (T ) < (J (o )) té

T (W) < (J Ty )) e

for every v 2 v, .

Proof: The first inequality is the same as in Theorem 6.5. For the proof of the second inequality
we apply the stability results from Corollary A.2.3. O

Remark 6.7: Approximate consistency conditions involve nonlinear matrix integral
equations and in general are not simpler than the consistency conditions of Section 4. However in
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several cases the situation is extremely simplified as illustrated in the example of the next section.
m]

6.4 Numerical Example

This example considers a game with a large number of minor players and no major player.
There is only one type of minor players. Each one of the minor players i € A has time horizon
two and has a dynamic equation of the form:
x'(k+1) :xi(k)Jeri Is.+u'(k)+w,.

iel;
At each time step, each one of v minor players tosses a fair coin and with probability 1/2

enters the game. The cost function is given by (6), the vector X (k) by
T
b (k):[ZT(k) (xi)T(k)} and the matrices by: Qf=4y113, Q0=12yy"I, and R=1

respectively where we use the notation Qf,Q,R,yl,y0 instead of Q_lf,Ql,Rl,yl’l,yl’O. The

scale variable has a value s, =2v. The approximate description of the Markov chain when

Vv — o0 is given by the stochastic kernel:

E((yl’y2)"):5(1/4,y1)(')’

where O is the Dirac measure. We first find a policy that satisfies the approximate consistency
conditions. Due to the absence of a major player the consistency conditions involve (35 - 38),
(40), (44) and (45). The unknown quantities may be expressed in terms of the functions

Ll(y):Ll(l,0,0,y), Lz(y):Ll(l,l,O,y), lg(y):Ll(l,O,l,y), L4(y):Ll(1,l,1,y),

Ls(y):E(O,y) and Lé(y):l—l,(l,y).
Due to the form of the approximate Markov process the integral in the equation (36) is
simplified as following:

Ay (()’p y 2)) = E|:Kk+1 (yk+l+ti“ )l Yierry = YJ = J.D K. (y')E(Yady') =K, ((?, Y1))

where y=1/4.
Thus the form of the Markov process implies a decoupling in the consistency conditions.

Particularly for y =(y,y) the consistency conditions do not depend on other values of y.
Writing the consistency conditions for some yz(ﬁ, yl) the equations depend only on
L ((y, yl)),....,L6 ((y, yl)) and L, ((?, i)),....,L6 ((i,?)) . Furthermore for some

y= (yl, yz) the consistency equations depend only on L, ((yl, Y, )),...., L ((yl, Y, )) and
L ((y, Y )) yeees L ((y, Y )) . This structure of the consistency conditions suggests the following

procedure: Compute the values of L, ((y, ?)) N ((y, y)) solving a system of six equations
with six unknowns. Then for each yeD, in the form y= (y, )’1) the values of
L ( y),....,L6 ( y) may be computed as a solution of six equations with six unknown variables

involving Ll(y),....,Lé(y) and q((y,y)),....,%((y,y)). Finally for some
(yl,yz):yED the values of Ll(y),....,Lé(y) may be computed as a solution of six

18



equations with Six unknown variables involving L (y) R ( y) and

L (3 31)) s Lo ((3e21)) -

The solution for y = (?, i) is given by:
L(y)=-08133, L,(y)=-0.68, L(y)=-05, L,(y)=-05, L;(y)=-0.6667 and

Li(y)=-05.
As an example to compute the values of Ll(y),....,LG(y) for y :[0.2 0.6], we first

compute Ll(y'),....,Lé(y') for y':[i 0.2].
L(y')=-0.8133, L,(y')=-0.68, L,(y')=-0.4444, L,(y')=-0.4444,
L, (y ') =-0.6667 and L, (y ') =-0.4444.

The values of L, (y),....,L6 (y) are thus given by:
Ll(y)=—0.7543, Lz(y):—0.66, L3(y):—0.4444, L4(y):—0.4444, Ls(y)=—0.6261
and L (y)=-0.4444.

The behavior of the system with the control law obtained is described by the closed loop
matrix Aff (y) Itholds y, =y as.for k>3.0n y =(§,§), Aff (y) is:

_ 0 0
A (y)= .
@ () {0.88 0.08}

It holds ‘/Imax (Aff ( y))‘ =0.08 <1. Thus operator T =T, . has spectral radius less than one

and the control laws obtained are approximately consistent. Thus for any & >0 there exist an
v, € N such that the control laws obtained constitute an & Nash equilibrium for any v > v, .

Remark 6.8: When there is an independent random entrance, the approximate consistency
conditions are decoupled. The solutions to the approximate optimal control problems could, thus,
be obtained taking into advance this special form. O

7. Conclusion and future work

Games with a major player and many minor players of several time horizons, a random
number of which enters at each time step were considered. Sufficient conditions for a set of
symmetric linear feedback strategies to constitute a Nash equilibrium were derived. For the large
number of players case, a notion of convergence of Markov processes was used in order to
approximate a Markov chain which has a large number of states with a Markov process with a
continuum of states. Approximate optimal control problems are then stated. The form of
approximate control problems is Linear Quadratic problems for a MJLS with a Markov process
with a continuous state space. A set of symmetric linear feedback strategies that is optimal for the
approximate system is proved to constitute an e-Nash equilibrium when the scale is sufficiently
large and under some additional stability conditions. An example of a game with a large number
of players is also studied where the use of mean field approximation simplifies the analysis.

Some possible directions of future work involve extensions to the case that there exists also a
random exit or the case where the players have the choice to enter or leave the game and the
study of algorithms that solve the equations for the consistency conditions for the finite as well as

19



the mean field case. Existence and uniqueness of a Nash equilibrium questions for games in the
form studied in this paper are clearly of interest.

Appendix

The Appendix contains the proof of Theorem 6.5 and some propositions needed to prove the
result. In the first section A.1 we recall some results from [17] about the stability of MIJLS.
Section A.2 studies the properties of a sequence of MJLS systems when the sequence of Markov
chains converges weakly to a Feller continuous limit. The basic result of section A.2 is
Proposition A.2.1 which shows that if the limit system is stable then a tail of the sequence of
systems consists of stable systems. Section A.3 proves that policies optimal for the limit system
are g-optimal for a tail of the sequence. The basic results are Proposition A.3.1 and Proposition
A.3.2, where the result is proved for the finite and infinite horizon problems respectively. In
Section A.4 the proof of theorem 6.5 is completed.

A.1 MJLS with general state space

In this section we recall some results for MJLS with general state space. The proofs of the
results as well as further details could be found in [17].

Let D be a compact set and K (-, ) a stochastic kernel on D . Consider a system in the form:

Xer1 = A(yk)xk’ Vit ~ E()’k")
The exponential mean square stability of a system in this form is equivalent to the fact that
the spectral radius of an operator 7 =T, o is less than 1. The operator is defined using the

following quantities B, : R (D) — R"™" where ‘R(D) is the set of Borel measurable subsets of D
and P, (C) = E[xkx,f Xye C] for any C Borel measureable subset of D . The operator is defined

such that P, =TP, . In the case of a Markov chain with finite state space, the operator T takes

the form of the matrix defined by (18).
The exponential mean square stability is a uniform on the initial conditions. Thus it is

equivalent to the existence of a constant ae(O,l) and a positive integer k, such that
E [ka X, ]< ax; x, for any x,,y, non-random initial conditions. Furthermore it is equivalent to
0 0

the existence of positive constants M >0 and O<a <1 such that E [kaxk} <Md'E [xg x0] for

any initial conditions.
A.2 Weak convergence and mean square stability

Consider a sequence of systems:

XII:HZA(yk)'xk’ Yest "'EV()’/‘:") (A1)
and a limit system:
xk+1:A(yk)xk’ )ﬁm"i()’ka')' (A2)

Suppose that K" — K weakly, K is Feller continuous and that for the limit system it holds

r(TA, 1?) <1. Suppose also that A() is a continuous matrix function. Finally assume that (A2) is

exponentially stable. It will be shown that (A1) is also exponentially stable for large v .
For any a € (O, 1) , there exist an integer k such that:
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E[x,{xk] <aE[x§x0] (A3)
for any x,,y, initial conditions. Choosing x, to be any non-random initial condition the last
inequality may be written as:

xgE[AT (50)-A" (y,2) A" (yy)-A" (yo)}x0 <ax;x,.

Thus it holds:

al —E[ A" (3,).-A" (y,2) A" (ye4)-A" (3,)]> 0. (A4)

The positive definiteness of the matrix in (A4) is equivalent due to the Sylvester criterion to a
set of inequalities in the form:

]?1 ()’0’---’ yk—l)
| E|: >0 (AS)

fn2 (yo,..., yk_l)

for j=1,...,n, where ]7 i= 1,...,n2 correspond to the elements of the matrix in (A4) and are

1

continuous and f ; are multinomials arising using Sylvester criterion. Inverse process shows that
conditions (AS5) imply a relationship in the form of (A3) and thus imply r(TA z ) <I.
Proposition A.2.1: Under the assumptions stated above, r(TA 1?) <1 implies the existence of

V, such that: r (TA 2 ) <1 forevery v2v,.
Before proving the proposition a lemma will be stated. This lemma illustrates a uniformity
property of the weak convergence. The uniformity is expressed in terms of the Bounded Lipschitz

metric [23 section 17] which is defined by:

B(R.B,)=sup![ far -] ap):| 1, <1]

where |f]. = sup{f(y)} +inf {L: f is L- Lipschitz}. D is separable and thus A (-,-)
yeD

metrizes the weak convergence of probability measures [23 section 17].

To state the lemma consider the functions:
“&:(D)| )~ (T1(p*).B)
where H(Dk) is the space of probability measures on D* and for any A e iR(Dk) has the

(1]

form (EV (y))(A) = Pr((zo,..., Zk—l) e A) where 7, has the a distribution concentrated to y
and z,,, ~ K" (Zw’)- In the same way the values of (E(y))(A) are defined. Thus = maps the
initial condition Yy, to the distribution of ( Vos Vireror Yoy ) .

We may show that Z is continuous. To do so we observe that it holds K — K weakly.

Thus y” — y implies :(yv):> E( y) [16]. Therefore = is continuous. The next Lemma

A.2.2 shows a uniformity property on the convergence of Z" to E . Particularly it is shown that

for sufficiently large v, the distribution of ( Voo Vi seees y,ffl) is close to ( Voo Vyoeees J’k-1) for

Yo =, uniformly in y, .

21



Lemma A.2.2: For any positive constant & there exist a positive integer Vv, such that
,B(Ev(y),E(y))<€ forany v>v, andany ye D.
Proof: To contradict suppose that there exist a positive constant & such that for any v, e N,

there exist a v 2v, with (EV ( y),E( y)) > ¢ . Then there exist sequences m,, y, such that

m,2v, m,2m,  and ,B(E'" ( Yo ),E(ymv )) >&. Y, 1sasequence on a compact set and

thus there exist a converging subsequence ym/ —y. Theorem 1 of [16] implies

B (,_m (ym ) B (y )) — 0. However triangle inequality implies:

A" (0, ) 23)2 82" (3, )2 (0, ))- 52 (5, ) E))
>o-p(2(5,, )-2(5))

Continuity of =  implies that ﬂ(Em” (ym ),E(y)) >¢&/2 which contradicts

A" (o, ) 20)) 0. :
Proof of Proposition A.2.1: The quantities:

A (Yoo Vi)
g;(%)=1; E|:

fn2 (yo,..., ykfl)

may be seen as continuous functions of y,. Thus, due to the compactness of D there exist a

positive constant &, such that:

8; (y o) > &

for any y, € D . The functions fj are uniformly continuous. Thus there exist a constant ¢, >0

such that fj (Vl) > ¢ implies f; (vz) >0 for any v, € D" such that ||v1 —v2|| <0, and any
i =1,...

Choose y, =y, . Then

F(Yorns vic) Fi (V5 yia)
E|: and E|:
]7"12 (yo’-“’ ykq) fnz (yg,...,y,;l)

may be written in the form:

Iﬂ ) (dw) Iﬁ (E" (30))(aw)

and

I (30))(dw) I fp (W)(E" (%)) (aw)

Let us flrst prove the claim: For large v it holds:
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[ 700 (EG0)) (@)= [ 7 (w)(E (30))(aw)| < 8, 102

forany y, € D and i=1,..,n".
To prove the claim recall that any uniformly continuous function may be approximated by a

Lipschitz  one. Let Z.' :DF SR, i=1...n" be Lipschitz functions such that
HZ' - ]71 <o,/ (4n2 ) Denote by L the maximum bounded Lipschitz norm of the functions
]?l. ie max ]7 Then

i=l,...n*

[700)(2 () (dw) Jf (= (O ))( )\ I 9= 7 () (2 () () +
+Uﬁ(w)( I )<dw>\+ﬂﬁ<w>—2'<w>(EV(yo>><dw>
Uf 2))(aw) jf yo))(dw)‘+5l/(2n2)

Appling Lemma A.2.2 an integer v, may be found such that:

B(E (y).2(y))<8,/(2nL)

for any v 2 v, and any y, € D . This completes the proof of the claim.
Thus for v 2 v, it holds:

forany y; € D and j=1,...,n.Thus forany y, € D it holds:

al —E|:AT (yg)---AT (y/‘:fl)AT (y/:—l)"'AT (yg )J >0
Therefore:

v r 4 v v 4 T 4 4 v
E[(xk) X, Ixo,y0}<aE[(xo) X, Ixo,yo]
Integrating over the distribution of x;, y; we conclude:
E[(xkv)T x,f} < aE[(xg )T xg} .
Thus r(TAEV)<1 forany v>v,. o

Corollary A.2.3: Consider the systems described by (A1) and (A2). Assume that K" > K
weakly and K is Feller continuous. Let a <1 and suppose that T =T, ¢ has spectral radius less

than 1/a. Then for any & >0, there exist positive integers k,V, such that:

E{g a* [(xk ) xk}} <e (E[(xg ) x(';} + 1)

and:
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E{g a* [(xk ) xk}} <& (E[x5x,]+1)

Proof: Consider the operators 7' =T,  and T = TA’ . - By the spectral formula and proposition

1 1710
< (— - 6‘) such that

A.2.1, there exist positive integers m, and V, such that HT'"0
a

Mg
TV

1 0
< (— —& | forsome &>0and any v =V,. Denote by Cys-es €,y SOME constants such
a

Ti

v

1 my[ilm] 1 1 i
<¢..c, | ——¢€ SeCy | ——€ |-
*\a "a™\a

1
Denote by C =¢,...c, ,——. Let B’ (B)= E[x,f (xkv )T ;(‘,keB} . Then it holds:

mo—l amo

v + v . i v 1 ! 1_ I/Cl—g -
Rl<lr e wiSir s cle)(-o) e stiese
Therefore it holds:

SR PSR [ RORN SN |14 [PPSRV 114 (S
%a P S%{CPO (1-ae) +1+g—1/a(1 ac) +1+g—1/aa

(1-ae)’ _W|C (1-ae)" _|W|C  a"
ag l+e-1/a ag l+e-1/al-a

<C

POV

T
On the other hand E [(xg) x(‘)’} < HPO" H . Thus:

ka

© _ ko _ ko ko
o S{CMJE[(%)T%H Wlc (-as)* Wl a J
fars ag l+e—-1/a ac l+e-1/al-a

_ ko _ ko K
Each of the terms (CM] and [ ”W”C (1 ag) + ”W”C a J could
as l+e-1/a ag l+e-1/al—-a

become smaller than ¢, for sufficiently large k. o
A.3 Convergence of stochastic kernels and e-Optimality

In the following suppose that K" —>K weakly, K is Feller continuous and the functions
AY (y,k) ,A(y,k) ,A(y) are continuous on the y argument.
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Notation: Consider the system:
xk+1ZA'(yk’k)xk+B(yk)uk+wk’ yk+1’“K'()’k")’
and the feedback control law u, = L, (yk ) X, . Then we denote by:

o
I Rk A= (5 )30 (%05 3) = E|:ka0+1Qk0+1 ()’koﬂ)xkoﬂ + Zakka I:LZ (V) R()L(y)+Q (0 )] 'xk:|
k=0

and J 1? Ak, (xo, yo) the optimal value, where K 'may take the values K or K'. The time

horizon is allowed to take the infinity value. We use the notation J., =L () (x,,y,) and
J;,ko(xo’)’o) for Av(yk’k):A(yk)' -

The basic topic of this section is the proof of the following two propositions about &-
optimality in the finite and infinite horizon case respectively.

Proposition A.3.1: Let A" (yk , k) for each k be a sequence of continuous matrix functions.
Suppose that A" (yk,k) - A(yk,k) as v —>oo. Denote by u, =L, (yk)xk the optimal
=J

feedback strategy that attains J . Then for any & >0 there exists a

E’ko»A(Yk Je)oate =L (i )% K.

positive integer Vv, such that:
* T
J +&(xyx,+1)

Jow X <J.
KY ko, A" (g ok Yoty =Ly (g ) % ( 0> yo) Ay ok )ko

forany v 2v,. o
Proposition A.3.2: Denote by u, =L( yk)xk the optimal feedback strategy that attains

I

z.. and suppose that is continuous on y, . Then for every £>0 there exist a

E,w,uk:L(yk)xk =
positive integer v, such that J_ (x0:¥0) ST (x50, )+8()CTX +1)
0 g yo Koo Yo ) =g (X5 Vo 0 %o

forany v 2v,. O

500, Uy :L(_Vk

The proof of propositions A.3.1 and A.3.2 depends on the following lemmas.
Lemma A.3.3: Consider the feedback control law: u, =L, ( yk)xk. Then for any &>0,

there exist a positive integer v, such that:

Jl?,ku,uk:Lk(yk)xk (xo, yo)— ka,k“,uk:Lk(yk)xk (xo, yo) < g(xOTxo +1).
forany v 2v,.
Proof: Denoting by y= [yo Y ] and y" = [yg v ] with  straightforward

calculation we may compute:

Jk,ko,uk:Lk(yk)xk (xo’ yo) =Xy (E[d1 (&)])xo + E[dz (5’)] :
and:

_ T joed nd ~ ~V
Jl?"»ko»uk:Lk(yk)Xk (x()a y()) =X (E|:al (y )j|)xo +E[a2 (y )] ,
where functions ¢, () and a, () are continuous functions of the variables: ( Yos Yisees Vi, ) and
(yg SV e y,fo) respectively. Thus they are continuous functions 4,,d, :(D,S b )N — R with

the product topology. Thus [16] implies that FE [le(jzv)}%E [511()7)] and
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E [&2 ( y )] —>F [az y ] Therefore for any & >0, there exist a positive integer v, such that

HE[&I )]~ Ela( )]H<g and|E[ &, (5") |- E[4, (3)] <&

v 2V, it holds:

for any v 2v,. Thus for any

T
Jk»"Ov”k:Lk()’k)Xk (xo’ yo) _JEvkaJ‘k:Lk()’k)xk (XO, y()) < E(XO XO +1) =
Lemma A3.4: Let f,:D—R' a sequence of continuous functions and f:D —>R' a
continuous function such that: f, ( ) > f ( ) for any y € D . Then it holds:
[ £, (ydy) > F(y)K (v.dy)
Proof: Since D is compact, the convergence is uniform. Thus for any &£ >0, there exist a

positive integer V,, such that ”fv (y)—f(y)” <¢&l/2 for any yeD and v 2V, . Thus for

vV 2V, it holds:

&
14 ' < _
VK (ydy) -] £ (' (y,dy)‘—2+UDf( “(wdy) =] £(3) ydy)‘
Weak convergence implies the existence of a positive integer v, such that:
Uf VK" (y.dy’) If (ydy)‘<3/2
for any v 2 v,,. Choose v, = max {Vm, VOZ} . |

Lemma A.3.5: For any ¢ >0, there exist a positive integer v, such that:

Sg(xgxonLl).

‘J Rk xo’yo)_‘[*gv,ko (xo’)’o)
forany v 2v,.

Proof: The optimal costs may be computed recursively using the relations (10-14) in [17]. The
computation involve the functions:, K} (v,). K, (3.), A (3e) A (30) &(3)s ()

J. k" ks (xo, yo) . J Ko (xo, yo). The functions involved are continuous on their arguments. Thus

using Lemma A.3.4 we may show inductively that A,‘:H(yk) - Ak+1(yk) as v — oo, thus

K, (yk) —> K, (yk) and ¢, (yo) —c, (yo) . Thus for any & >0, there exist a positive integer

v, such that: ‘c,f(yo)—ck(yo)‘<g and ,:(yk)—Kk(yk)H<g for any for any v > v, . Thus

I Ko (xo’yo)_‘[;(,ko(xo’yo) <5(xgx0+l) O

Proof of proposition A.3.1:
Lemma A.3.3 implies that there exists a positive integer V,, such that:

T _
ka,ko,Av,uk:Lk(yk)xk (xo’yo) <k o A= L(3)x (xo,y0)+8(x0 Xo +1)/2 =

KAk (Xo,yo)+8(x0x0+1)/2

for any v 2 v,,. Lemma A.3.5 implies that there exists a positive integer V,, such that:

Tinss (%0 20) < (%0 30) + 2 (x5 %, +1) 72
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for any v 2 v,,. Thus choosing v, = maX{Vm, Voz} we have:

* T
kako,Avquk:Lk(yk)xk (%95 7) < JI?,MO + 8(x0 X, + 1) ) O
Proof of Proposition A.3.2:

The proof is based on a series of comparisons:

1 2 3
_ —>J —J J
K" o, =L(y; )% K" ko =Ly )% K ko =L(y, )% k

oIS
B
A4
~

v

° Jli(v 0
Set @, ., =0. For comparison 1, using continuity of K, Corollary A.2.3 imply that for any

&> 0 there exist positive integers k, and Vv,, such that:

JF,,wk:L(yk)xk (xo, yo) < Jz?",ko,uk:L(yk)xk (xo, Yo ) + 5(xgx0 + 1) /4,
forany v 2v,,.
For comparison 2, Lemma A.2.3 implies the existence of a positive integer V,, such that:
JE",ko,uk=L()'k)xk (% yo) <R by =135 (X Yo ) + 5(xgxo + 1) /4
Comparison 3 holds with < i.e. it holds:
JE,ko,uk:L(yk)xk (xo’ yo) < J;w (XO’ yo)
To obtain an inequality for comparison 4, we observe that K, — K and ¢, — ¢ uniformly as

k —> o, where K, and ¢, as in the proof of the Proposition 5.1 of [17]. We also have:
J;k (xo, yo) = ngk (yo) X, +¢, (yo) and J;m (xo, yo) = ng(yO)xo + c(yo) . Thus for any
&> 0, there exist a positive integer k' such that J;w (xo, yo) < J;k (xo, yo) + 8(1 + xgxo) /4.
Using this value k," Lemma A.3.5 implies the existence of a positive integer v, such that

J;ko, (xo, yo) < J;,,!ko, (xo, yo) +€(xgx0 +1)/4.

Comparison 6 holds with < i.e.

J;y,ko, (xo, yo) < J;”w (xo, yo).

Thus choosing appropriate k,, k,' and v, = max {Vop Vo, ,Vm} we have:

Jl?v,w,uk:L(y‘)xk ('x()’ yO) < J;i(‘,,oo ('x()’ yO) +é (xoTxo + 1)

forany v 2v,. o

A.4 Proof of Theorem 6.5
At first observe that optimal control problems involve continuous matrix functions. For the
first inequality apply proposition A.3.2. For the proof of the second inequality observe that

A (k —1, yk) — A (k —1, yk) as vV —>o. Then apply proposition A.3.1 and take

expectations. O
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