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Abstract

In this paper we study Discrete Time Linear Quadratic Games involving players
staying in the game for random time intervals. Two types of problems are
considered. In the first problem all players enter the game at time 0. At any time
step, a player involved in the game until that time step, leaves the game with a
probability depending on the number of players that participate the game that
moment. In the second problem we consider an overlapping generation game with
random entrance and exit. Particularly at each time step a random number of
players enters the game. Each player could stay in the game for a maximum
number of steps. However the duration of its presence in the game is a random
variable that depends on the number of players that participate in the game. In
both problems we characterize the Nash equilibria consisting of Symmetric
Linear Feedback Strategies. The case of a large number of players is studied via
a Mean Field approximation. Numerical examples are also given.
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Related Topics

Most of the Dynamic Game models: time interval that each player participates
in the game as well as number of players is known a-priori.

m  Games with Population Uncertainty (Poisson Games)

m  Games with Random Horizon
Repeated game setting
Dynamic game setting

m  Games with Large Number of Players (NCE)

m LQ Games with Random Entrance (Padova)

15th International Symposium on Dynamic Games and Applications
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" A
Description: Participation in the Game

m |Initially M players [, = {pl,...,pM} .

= Participation is described by the vector: E, = [(5,1) (5,?4 )J(
where:&,i =] if player i participates in the game at time step

m Evolution:
The configuration E, | = E'is allowed after the configuration =, =X if

every player that belongs to = ', also belong to = .
The evolution is described by a set of parameters: 7T,

p— el B o B o B W
Pr(ck+1 =='|E, —n)—

P
7T, ,=,=  1fZ'1s allowed
0 if =Z'1s not allowed

m  Normalization

L)
ifr-
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Description: Dynamics and Costs

m  Dynamics for the player i:

X, = Ax, + Bu, +F(yk)zk

< Il 1 - i
where: z, = E Ex, /My = ; 2 &,
i=l i=I

X, I.i.d. random variables with finite second moments

m Cost Functions:

=) 2o

() o)

T

Ev+

() Z;]
() 4] ) o))
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Description: Measurements

m Player i has access to x,i , Z, and y,

m The players use Symmetric Linear Feedback Strategies (SLFS):
u, =1L, (J’k )Zk +L (J’k )xllc

m |t will be shown that Nash equilibria within the class of SLFS are Nash
equilibria within the class of Feedback Strategies.
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Nash Equilibria

m  We find Nash Equilibria using Dynamic Programming simultaneously for all
the players.

m Define recursively the “cost to go” quantities:
. T T r
J(X.E)-  E {(x;v) 2lotn)[() =] &+

ul‘j=}/l](Xk7£kat)
A\T
i T
(x) =

25([() 2 ]o()

m [t will be shown that, under certain conditions, it holds:

() fo] AZ(y) AZ(3)][x ]+§k25’(xk) ()

A (ve) A ()|

Jl( k’“k) fk
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Nash Equilibria

m  Applying principle of optimality for player i :

. . . Axx AXZ ;
J, (Xk, By ) - II;:nE {f,iﬂ ()C,’€+1 )T Zk+1] A’Z‘x“ E;M; Ak;l((;/ku)) )ch+1:| N
k+1 k+1 k K+l sl

+§l§+1§§lg+l(xI{+I)TZk+1(yk+l)xlg+l+§li( (xli)T ZIZ]Q(yk) (xli)T Z/Z]T+(“£)TR(yk)uii)|XkaEk}

where:

1 & . .
Zks1 =HE§kJ+I(A‘XIi + Buj +F(yk)zk)
=

Thus we need to compute quantities of the form:

E [§é+1rk+1 (yk+1 ) | Ek] [‘:&kn k+1 k+1 (yk+1 ) | Ek] E [ k+1 1§k+1 k+1 (yk+1 ) | E ]
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Nash Equilibria

m Let us define:

My My, -1
k+1 J’k Z ke, My, ] l—lk )rk+1<l/M)
_ My, -2
1_‘l’c+1 (yk) Zﬂk,Myk,l l_; 1_‘k+1 (Z/M)
= My My, -3
| D (J’k) = Zﬂk,Myk,l l—; (Z/M)
Thus it holds:
E [§é+lr(yk+1 ) | Ek ] = Eliﬁ;?ﬂ (yk )
[‘D&k+1 el (yk+1 ) | Ek] ‘D&kgjrkﬂ J/k +0 I%?H L yk ))

E 8,88 ()12 = [T () + (,m(m T, (v ))( 40,40, )4
+(f>;?+1 (yk)_fkn (yk ))51',]',]"] Ekjgkj E;i
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Nash Equilibria

= Introducing these formulas to .J; (Xk,Ek) we obtain:

T

Jl( k’Hk) é:k[( ) Z (”/lc)T VZ]Sk(yk)[(xli)T g (”/lc)T VkT] '
e& D[ (Bt} S(0) (4 + 87

7=l

where:

V. = L igjuj

k A4—ﬁd k %k

and _ _
A VAR PR VA i
SZX SZZ SZM SZV

Sk (yk) _ k k k k

ux uz uu uy
Se Se S¢Sy
129 vz vu 12%
_Sk S S S |
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Nash Equilibria

7= A0, ()= () R () (R0 0= B2 ()
R (0= () 3 (R ()35, )
55 =A%, (5) -5 () F () + K8, (3, )F(yk)ﬂ‘\;;(yk)[A+ku(yk)]+$[1¥i’il(yk)—K;‘i.(yk)]F(yk)+

(K, (v) = A2 (7)) F )+ (A5 (7)) = A5 (0)) (A5 0 F () M+ (R, ()= Az (9) F (0)/ M7

(2/,9 b0 <yk>)+ﬂ(szzl(yk)ﬁ[ﬁgz@»—&:@»] FL IR ()= A2 ()] +

Sy -4 [Kzil(yk)+(A;il<yk) Az ()M
87 =MFT (7,) %, (1) A+ My, FT (3 Z00 (0) F (5) + MAZ, (0 ) F (v)+ F7 (7)) (20 () = 20 (0))F () +
+F (v )R, (0) F () + F7 () AE (0) [4+9F ()] +—FT () [AE ()= A5 ()] F (70)
(A7 2P ()] AR ()P () + 5P ()[R (30) =R (0] F () +
(44 ,F (5)) A (o) (A+ 2 F (9))+ F7 (0 (A (9) = A5 (30) ) A7 M +
A7 (A (7))~ A5 () F () 2/ M+ 9 FT (3)(A5 ()= A (00))F () M+

+F' (J/k)(A/m (yk)_AkH(yk ))(A+ku(yk))/M+FT (yk)(}%HI (yk)_Ak+1(yk))F(yk)/M2
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Nash Equilibria

7= F7 () ($ ()= (1)) B+ F7 () R0 () B+ F7 (3) R (00)- RE, (3,)] B+

+(AT+kuT(yk) T[_\;):1(yk)B AllFT(yk)[‘R(kﬂ(yk) )]

) k+1(yk))B/M2
B+FT(yk)Azil(yk)B‘*'(A"'J/kF(J/k)) 1:\ (yk+1)B

_/:\izn (J’k))B/M +F" (yk)(/_\;il (J’k)_/:\lm (yk))B/M

a(y
(v

;Z+1(J/k) K/m()’k ))B/M+FT (yk)( .
T

~_ —

k+1

+(ﬂ(zzl(yk)—xz;<yk>)i}8

s:u=3f{(£/,eﬂ(yk) S (1)) + A0, () +

k+1

]\14[Mgil(yk)_/_\;il(yk)]-l-i[lygi-l(yk) AZ (yk)]+

M2

v 1 X _ZZ :ZZ
Sy =MB [Ak+1(yk)+(Ak+1(yk)_Ak+1(yk))]B

Sy = BT/:XZA (yk+1 )B

ik (yk) = §k+1 (yk ) + (1_\;11 (yk)_lz\;zn (yk ))/M2
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Nash Equilibria

. J (Xk,Ek) are quadratic (strictly convex) functions of u, and thus they
are minimized when:

aJ, (X, 2, )

ou,

= [ (yk)u,i +5; (yk)vk +8; (yk)xli +8; (yk)Zk] =0

15th International Symposium on Dynamic Games and Applications
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Nash Equilibria

m The equations
Se (1 )uy +SE (v )v, +S0 (v )% +S (v, )z, =0 for i€I, (*)

describe a Nash equilibrium of Feedback strategies (for the sub-game
starting at time step k). The existence and uniqueness of a Nash equilibrium
is equivalent to the inevitability of the following set of My, x My, matrices:

S, +S: /M S;/M L S;IM
S /M S +S}/M L S IM
M M 0 M

S IM S;/IM L S, +S; /M

G(yk)=

forany y, =1/M,...,1

15th International Symposium on Dynamic Games and Applications 17



Nash Equilibria

m Adding the equations we have:
(Sli (yk ) + ykSlf (J’k ))Vk == [Slf (J/k ) + ykSlj (J’k )] Zk

if S, (yk ) +9,8S; (yk) is nonsingular then:

-1

Vi = _(Sli (yk)-l_ykSl? (yk )) I:Sli (yk)+ykSlj (yk)] Zk

If Sli (yk) is also nonsinqular then:
ul ==(SH (1)) 2 (w)x +(SH ()

' [Si (5 ) (MS} (3 )+ My, S2 (3,)) (MS: (3,)+ My, S} ()= S} (32 )] z;

Thus u,’c is in the form:
”/lc = le (J’k )Zk +Li (J’k )'xllc

15th International Symposium on Dynamic Games and Applications 18



Nash Equilibria

Lemma: The following are equivalent:

(1) The matrices S, (v, )+ »,S; (, ) are nonsingular for any y, and the
matrices .S, (yk )are nonsingular for My, > 1.

(2) The matrices G (yk ) are nonsingular for any ;.

Proof:(1)=>(2). If (1) holds then for any xli, [ € [ there exist a unique

solution to the equations (*) Thus the matrices G(yk )are nonsingular.
(2)=(1) Adding equations( ) we conclude that S; (v, )+ ¥,S; (v, ) is
nonsingular for any y, . The inequalities mnk(S; ) <mand My, =2
contradicts the inequality:

My m = rank(G(yk )) < Mykrank(S,i ) + mnk(Sé‘ ) = Mykmnk(S,i ) +m

15th International Symposium on Dynamic Games and Applications
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Nash Equilibria

m Using the feedback control laws obtained we go back one step in the
Dynamic Programming algorithm.

(n)=S7+SrL +(2) s +(2) s

F(r)=SE+Sr L+ ST (WL + B )+ (2 S+ () seL+ () s (v + 1)
() =STAStL + (L) S+ (L) S+ (WL + L) Sy +(n L+ L) S
Z(n)=SE+S2 L+ 87 (L + )+ (L) S+ (Ly) Sn+ (L) S (L + 12 ) +
sl +2) SE+(n L+ ) SPL +(n L+ 2) Sy (v L+ 1)+
+M[(A+BL§)Ti(yk)Ble+(le)TBTi(yk)(A+BL§)+yk(L;)TBTﬁ(yk)BL;]

S, (7,)=(4+BL2) £(y,)(4+BL)

15th International Symposium on Dynamic Games and Applications



Nash Equilibria

Proposition: Consider the matrices Ak,Sk,Zkandﬁ‘.k computed recursively and
suppose that the Condition (1) of the Lemma holds. Then there exist a unique
tlme consistent Nash equilibrium of feedback strategies in the form:

=L, (yk)Zk + L, (yk)xk :
Conversely suppose that there exist a unique Nash equilibrium of Feedback
Strategies and that it holds 77, ; ;» > 0. Then the Condition (1) of the Lemma
holds.

Remark: The condition (1) of Lemma is Generic. Thus if the parameters of the
game are chosen randomly we expect that there exist a unique Nash
equilibrium of Feedback Strategies.

15th International Symposium on Dynamic Games and Applications 21
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Large Population Case: Description

m Consider a sequence of games gM. The M-th game has M players.
m  Dynamics:

= Ax;M + Bu™ +F(yk )Zk
where:
E MM

= The cost functlons O, (yk ),Rk (y,i” ) are samples of continuous matrix
functions.

m Consider the sequence of stochastic kernels
K" (y,B) = Pr(y,‘i‘fl EB|y," =round (My)/M)

and suppose it converges to a Feller continuous limit K™ (-, )

15th International Symposium on Dynamic Games and Applications 23



Large Population Case: The Limit Problem

m Consider a solution to the limit of the finite number of players solutions.
m Define recursively the quantities:

(J,i)lim(Xk,Ek)=§,i[(x,i)T z, (u;)T va]S,?m(yk)[(x,’;)T z, (u,’c)T v,f]

where S,™(y, ) is the limit of the matrices S}’ (, ) and the matrices
Zf(yk)eo as M — .

T

m The control is given by:

i,im _ yl,lim 2,lim i,lim
w,  =1L; (J’k )Zk + L (J’k )xk

15th International Symposium on Dynamic Games and Applications 24



Large Population Case: Parameters

Where:

:S;u’hm(yk)=ATﬂ(?+l (»)B ] ng hm‘ATﬂ(kn( OF )+AT1_\;Z+1(yk)[A+ku(yk)] ]
:S/fx = ATMI?L (J’k )A ] [Slfv = ATAY (J’k )B ]
(57 = F7 (3 ) RO, (30 ) F () + F7 (5 AL () [A+ 30 F ()] +[ A7 + 0" (0)] AR (yk)F(yk)j

\ (A+ku(yk)) /:\k (yk 1)(A+ku(yk)

)
S““—FT(yk) () B+(47 + 3,7 (3,)) A (7,)B ]

50 = F ()R, 0B+ (44 0 F ()] R ()8 | (s = 5786, (1) 8)

Suv,lim =0 ] [ Sl‘:"’lim = BT/:\;Z_H (yk+l )%

5, () - [ )]?“m(yk,ds)}[ Fa () f(y (5)E™ (31, ds)}

(

-

3

fk+1 (yk ) =f(;—)3rk+l (S)Elim (yk’ds) }
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Large Population Case: Parameters

p . . . : . — , .
le,hm (yk) = (S,i’hm (yk )) 1 S,f’hm (yk )(Szl’hm (yk ) + ykSlf’hm (yk )) 1 (Slf’hm (yk ) + ykS:’hm (yk )1

. (517 (3,))” 58 (3,)

( . . -1 .
Li,hm (yk) - _ (S]i,hm (yk )) Slf,hm (yk ) }

-

) et S (e et

m In order to go back one step in the recursive computations

K () =50+ 500+ (B s+ (8) s 0
Em ()= 8E 4 SEL 4 Sy (WL + )+ (2) s+ () s +(2) s (v L +12)

AZ™ (y)=SE+S2 L+ (L) S+ (L) Stz + (v +12) 87+ (0L + 1) SpL2

=im ()= S7 + 8L+ 87 (v L+ 2 )+(LL) S+ (L) Sz + (L) S (L + 22 ) 4

s+ ) SE+(n L+ L) SPL +(n L+ ) 8P (0L + 12 )+ /

Where:
Eg}i,lim (yk ) — 2SZu,lim S/f,lim (yk ) — SZv,lim + (S;c/u,lim )T }

15th International Symposium on Dynamic Games and Applications
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Large Population Case: € — Nash Equilibrium

Proposition: Suppose that the matrices S;"™ (y, ) +,5:™ (»,) and ;™ (, )
computed recursively using the formulas above are nonsingular for any y, .
Then the set of strategies given by:

iM 1,lim M 2.lim iM
u =1L, (J’k )Zk + L, (J’k )xk
fori =1,...., M constitute an € — Nash equilibrium for sufficiently large value of M
Ideas of the proof : Introduce the quantities:

T roza)= E ) AJeb]w) A &

tklm.,N—l
1 J#i
ey N T T AT
e[t et w1 o) o
90/ (ozo)= £ A AJe0[(w ) 4] s
t=k,..,N-1
it




Large Population Case: € — Nash Equilibrium

Ideas of the proof : It holds:

i T M
_ , YN . AT . AT AT . .
i,M = lim ) _ i i,M i,M M,lim i,M i,M i J Jj.M M Jim
I =
Do i [(im\' iM T-Wlim im\' R IR - i (M T%hm M
min S, ( o> Epas U, 1) & [(x/m ) (Zk+1 ) ksl (xk+1 ) (Zk+1 ) ] +§k+IE§k+l (xk+1 ) kel kel
k+1 . j=1

T

() = ) A eI|) A W) A

' 5;2 [g,g‘ (Ax/ +Bul) £ (3, )(Ax] + Bu,{)]

j]j’M(X » S “k) &

T

() = ) APEGI|) A W) ]
= 5 (ax+ Bt $orim (1, Y( Ax! + Bu] )

'%)M (Xkﬂgkﬁulic)= &
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Large Population Case: € — Nash Equilibrium

Ideas of the proof : It is shown that for any £ > 0 there exist a positive integer
M, such that:

0 (3, )=S0 () < e R -ArT]<e Ay AR <e [ ()] <em

forany M =M, .
Proof by induction. Principle of optimality implies:

ngn%)M(Xk,Ek,u,’;)=n}in{§]§([(xli)T Z;]Q(yk)[(xli)T Z;]T+(u;)TR(yk)u,i)
M
e[l o) (e ] i (ot )
J=1

el () R - ae (o (z;;i‘f)T]T}
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Large Population Case: € — Nash Equilibrium

Ideas of the proof :
Thus:

= i __i,M = i,lim i
uo,uo) J, (Xo,_o,uo X,

0°

2 2 1 M, . 112
ol +— ¥ &[]
HZOH M4 k|| %o

<& (1 +
for M sufficiently large.
The fact that xg are i.i.d. r.v with finite second moments completes the proof.

15th International Symposium on Dynamic Games and Applications

30



Large Population Case: € — Nash Equilibrium

Remark: The assumption that the matrices S;"™ (v, )+,5-™ (»,)and S;"™ (y, )
are nonsingular for any y, E[O,l] is not “generic”.
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Special Cases: Independent Exit

m Consider the case where exit is independent and the number of players is
very large. Assume that any player that participate in the game at time stepk
continue at the step k£ + 1 with probability @.Then the limit stochastic kernel
becomes:

_ 1 if &B
Khm (y,B) _ . ay
0 if ay&ERB
The (:)peratorsﬁ@f,lz“ become: 0, (y,)=al,, (av,) T, (y)=aT,, (ay,)
and l—‘k+1 (yk) = a3rk+1 (ayk ) :

The values of the parameters S, (y, ), A" (v, ) L™ (v,) and ;"™ (y,)
are computed only on:

k
Vi =d
Thus the computations in this case are simplified.
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Special Cases: Independent Exit

m The evolution of z, is asymptotically deterministic.

Due to the independence of exit and independence of initial conditions we
have:

M M
Zrn = ﬁElgkjn (A+BL,2€ (J/k ))xli +$2§Z+1 (Ble (yk)+F(yk))Zk
J= J=

d
Zrs >S5,2,

Ske;ec;(mBLi (v))+d* (BL, (3,)+F (»,))

Thus the strategies u;" = L;"™ (v, )z, + L™ (v, ) x;" could be
implemented approximately without measuring Z, and ), i.e. using the
approximation:

z, =S, ..SSX

15th International Symposium on Dynamic Games and Applications 34



Special Cases: Random Initial Population

m Suppose that the initial population is unknown i.e. M is a random variable.
Assume that it takes values1,..., M __ with probabilities B3 ,...., P, .

max

m Reduce this case to the initial. Introduce a step with £ = —1. The initial
number of playersis M __ .

m  Solve the same equations when:

A, =1
B, =F, (y—l ) =0, (y—l ) =0

The values for 77_, ,, , are:

ﬂ—l,MmaX 1= Pl

15th International Symposium on Dynamic Games and Applications 35
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Conclusion and future work: Conclusions

m LQ games with random exit are studied. Necessary and sufficient conditions
for the existence of a unique Nash Equilibrium were obtained.

m Formulas for computing the Nash Equilibrium were derived.

m  Games with large number of players were studied using a limit
approximation. € — Nash Equilibrium results were obtained.

m The case of games with large number of players with independent exit was
studied. The formulas are quite simpler.
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Conclusion and future work: Future work

m  Study the game as the time horizon tends to infinity as well as the
continuous limit.

m  Weaken the symmetry assumptions imposed.

m  Study numerically the dependence of the cost of the players on the exit
distribution and the speed of convergence in the limit approach.

m  Study games with random entrance and random exit
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