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Abstract

The Biaffine Matrix Inequality (BMI) is a potentially very
flexible new framework for approaching complex robust con-
trol system synthesis problems with multiple plants, multiple
objectives and controller order constraints. The BMI prob-
lem may be viewed as the nondifferentiable biconvex pro-
gramming problem of minimizing the maximum eigenvalue
of a biaffine combination of symmetric matrices. The BMI
problem is non-local-global in general, i.e. there may exist
local minima which are not global minima.

While local optimization techniques sometimes yield good
results, global optimization procedures need to be considered
for the complete solution of the BMI problem. In this paper,
we present a global optimization algorithm for the BMI based
on the branch and bound approach. A simple numerical ex-
ample is included.

1 The Bilinear Matrix Inequality
Problem

This paper will be focus on the following problem introduced
in [33):

Definition 1.1 (The BMI Feasibilty Problem) Given
prescribed matrices F;j = FF, € R™™, fori € {0,...,n.},

j€{0,...,n,}, define the bzaﬂ’ine functwn F:R™ x R"' —
Rmxm .

ny Ny

F(z,y) —Foo+zft RO+ZyJFOJ+ZZI1yJ o (1)

i=1 i=1 i=1j=1
Find, if it ezists, (z,y) € R"* x R™ such that
F(z,y) <0 @)

For the rest of this paper, restrict (z,y) to some closed bounded
hyper-rectangle X x Y C R™ x R" where:

X = [B%,BY|x...x[BL_,BY] ®3)
v o= B Bi] x... x[By, Bii,] @
for some bounds —oo < BL < BY < 00, i = 1...,n,, and

—oo<BL<BU<oo ]—-1
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Notation will be standard. In particular, for symmetric
matrices A and B, A{A} and A{ A} refer to the greatest (most
positive) and smallest (most negative) eigenvalues of A, and
A > 0 means A{A} > 0, A > B means A — B > 0. Further
for any vector z € R", ||2]|eo = maxie(1,...n} |2i]. For —oo <
Bl < BY < 0, [BL, BU] denotes a closed interval C R.

This paper will mainly be concerned with obtaining a
global solution to the following problem:

Definition 1.2 (BMI Eigenvalue Problem) Given the
function F: X x Y = R™ ™ of (1), define

Alz,y) =XF(z,y)} (5)
The BMI Eigenvalue Minimization Problem is
o nin | Az,y) (6)

Clearly, there exists a solution (z,y) € X x Y to the BMI
feasibility problem (2) if and only if 0 > mingz y)exxy A(Z,y).

The Linear or Affine Matrix Inequality (LMI/AMI) frame-
work of, e.g. [12, 29, 8], characterized by the problem

min '\{F0+E3’ F}

i=1

M

where F; = FT, is a special case of the BMI problem.

The properties of the problem (6) were discussed in {18].
In particular, it is shown that the function A(z,y) is biconvez,
i.e. it is convex in z for y fixed and convex in y for z fixed.
Further, it is non-local-global in general, i.e. the function
A(z,y) may have local minima which are not global minima.

While to is fairly straightforward to find at least one local
minimum of the A(z,y) in X xY’, the complete solution of the
minimization problem, i.e. for some € > 0, find any (Z, §) such
that A(Z,9) < A(z,y) + e for all (z,y) € X x Y, is a global
optimization problem. Global optimization is very hard in
general in terms of computational effort required [21, 31, 25].

The next section will discuss the background to the BMI
problem formulation and hence provide the motivation for
investigating global optimization approaches for completely
solving the BMI problem (6).

2 Background and Motivation

This section will discuss several important robust control syn-
thesis problems that in general can not be recast as LMI or
2ven convex optimization problems. For these problems the
BMI framework offers a viable approach [33, 17].

Consider first the p/K,,-Synthesis formulation of the ro-
bust control problem {32, 11]. It has been shown [33, 17] that
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the u/Kn-Synthesis problem for fixed order multipliers and
a fixed order controller is equivalent to the BMI problem of
solving for the matrices T', §, P, W and @ such that the
following matrix inequalities hold:

herm{ [ ~0T ‘2, ](RMT + UMTQVMT)} >0
P> ¢, — herm{P(Rg, + Ug,QVs,)} > 0

herm{ [ 5 % | M} >0

where M, Ryt, UMmT, VM1, Re,, Ug,, Va, are known/prescribed

matrices.

It is an added bonus that, under mild assumptions, a wide
array of robust control synthesis problems may also be ex-
pressed in the BMI formulation, e.g., any robust controller
synthesis problem consisting of any combination of the fol-
lowing may be expressed as a BMI feasibility problem:

e Multiple objective synthesis, i.e. combinations of u/ Kpm-
Synthesis, H* and positive real synthesis.

o Synthesis of one controller for multiple plants, including
the Two-Disk H* problem.

o Controller synthesis with controller order, structure,
and/or stability constraints.

Such problems have been studied previously in, e.g., [5, 23,
24, 28, 4, 20].

Further, the BMI is obviously applicable as a controller
parameter tuning framework, particularly within an integrated
computer-aided control systems analysis and synthesis pack-
age, e.g. such as the one suggested in [6].

As would be expected, the immense flexibilty the the BMI
fomulation offers has a price in that the resulting optimiza-
tion problem is no longer convex, quasi-convex or even local-
global. However, the lack of such properties does not mean
that BMI problems are unsolvable. On the contrary, for the
BMI:

o Since the p}oblem is bilinear, one obvious (although
suboptimal) way to obtain local solutions is to solve the
BMIs as alternating LMIs.

¢ There is no reason why a local minimum of A(z,y) with
respect to (z,y) jointly cannot be found.

¢ Using existing robust controller synthesis and model
reduction techniques, it is possible to generate initial
conditions which have a high likelihood of being near a
solution to (2).

Local minimization procedures coupled with the ability to
make good initial guesses are often sufficent to give signifi-
cantly improved results compared with other currently avail-
able approaches, e.g. see [17].

It may also be noted the other robust control problems
or problem formulations which lack the local-global property
include the calculation of the multivariable stability margin
(Km = 1) of a plant, e.g. [10, 3, 27], LMI problems with rank
constraints, e.g. [13, 9], and the optimization over Riccati
equation constraints approach of, e.g., (5, 19], for the reduced
order controller case.

3 Properties and Local Algorithms

Several important facts about the BMI problem are listed.
See [18] for details. First note that A(z,y) is nondifferentiable
but continuous. However, expressions for its subdifferential
at any given (z.,¥,) may be obtained.

Proposition 3.1 A(z,y) of (6) is Lipschitzian on X x Y.

This follows trivially from the fact that the subdifferential
of A(z,y) is uniformly bounded over the bounded domain
XxY.

Consider any closed hyper-rectangle @ C X X Y of the
form

Q = [LeyyUsl x... X [La,, Us,, |
X [Lys Unl % oo X Ly, Uy | )

where L, and U,, are the lower and upper bounds on the
variable z; for the rectangle Q, and —B% < L., < U,, < BY.

Similarly for y; variables. Note that if z; € [L,,,Us.] and
y; € [Lv,"Uy,]y then x;y; € [Lw.»J,U

wi d] where
Ly, i=min{Ls, Ly, LUy, Us Ly, UnU ) (9)
Uu; =max{LsLy, LUy, Us Ly, UV} (10)

Given any @, define the hyper-rectangle W(Q) C R™**"
as follows:

W(Q) = {WeR™™ : wi; € [Lu,Uu,]} (11)

where w; j; denotes the i, jth element of the matrix W. Define
the affine matrix function of z, y and W,

Fy(z,y,W):= Foo+ ﬂi z;Fio + {,_,L yiFo; + nE' ;\i wi ;i F;
i=1 j=1 i=1 j=t (12)
where W € W(Q). Define also
Ar(z,y, W) := X{Fr(z,y, W)} (13)
The following result is then obvious:
Proposition 3.2
min MF(z,y)} 2 (s_y)eggxew(mi{ﬂ(r,y,W)} (14)

(sv)€Q

The proof follows immediately from the fact that if (z,y) €
Q, then the dyad zyT € W(Q).

The minimization (6) is very closely related to the LMI
eigenvalue minimization problem which has been extensively
studied. The approaches based on the interior point methods
[26, 22, 7, 35, 15] have bcen particularly succesful.

A straightforward way to use currently available LMI al-
gorithms to obtain “local solutions™ to a BMI problem by al-
ternatingly minimizing A(z,y) with respect to z with y fixed
and vice versa. This approach is not guaranteed to converge
to a stationary point of A(z,y) due to the non-smoothness of
the function.

Another simple extension of LMI techniques to the BMI
problem is based on the Method of Centers [22, 7). Given the
biaffine matrix function F(z,y) of (1), introduce

_ } —log detlal — F(z,y)], A{al - F(z,y)}>0
$a(,y) = { 00, otherwise
(13)
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Note that the barrier function ¢,(z,y) is convex in (z,a),
and also convex in (y,a). Furthermore, for all (z,y) such
that AMal - F(z,y)} > 0, ¢uaz,y) is smooth and at least
twice differentiable, with derivatives given in [18]. Algorithm
3.1 as defined in Table 1 is then guaranteed to converge to a
local minimum of A(z,y).

Algorithm 3.1 Method of Centers for BMI [18].

I. Fize>0,6>0and @ €]0,1].
Set (z(@, ) := (0,0), o := § 4+ A(z®,y®), &k := 0.
II. Repeat, {
R1 (a4, y(:41) .= argmin @0 (2, y).-
R2 a*+1) := (1 — g)A(z(R+1), y(k+1)) 4 ga(k),
R3 k:=k+1.

} until A(z®-D, y5=1) — A(z®) | y0) < €.

Table 1: Algorithm 3.1.

In Algorithm 3.1, the minimization in Step R2 is a local
minimization with initial point (z(*),4(¥). Note that the local
minimization in Step R2 guarantees that the solution will
converge to a local minimum of A(z,y).

For more complete solution of the BMI problem (6), global
optimization techniques need to be examined. Any global op-
timization problem is, of course, inherently difficult. It should
also be noted that in general, global optimization problems
are NP-hard, e.g. [25]. This, of course, does not mean that
the problems are unsolvable, only that they will require algo-
rithms which will not have polynomial time bounds, unlike,
say, LMI or linear programming problems.

4 BMI Branch and Bound Algo-

rithm

A branch and bound algorithm for the BMI is presented in
this section. Much of the following notation and terminology
is from [3, 2] although the global optimization text [21] may
also be consulted.

Before presenting a branch and bound algorithm for the
BMI, it should be note that it is theoretically possible to
establish the global optimum to any given tolerence by ez-
haustively gridding the entire domain. This follows from the
fact that A(z,y) is Lipschitz over any bounded domain. The
branch and bound approach may be regarded as a clever way
of gridding that uses upper and lower bounds to progressively
refine the areas it needs to grid, therefore avoiding the need
to grid the entire domain.

4.1 Upper and Lower Bounds

The objective is to minimize A(z,y) over the domain X x Y.
The basic requirement for a branch and bound algorithm for
minimizing A(z,y) is for the existence of two functions, ®;
and @y, on the family of hyper-rectangles of the form (8)
such that the following conditions hold:

C1. ¢.(Q) gives a lower bound and ®y(Q) an upper bound
on ming yeoA(z,y), ie.,

2(Q) £ min Az,y) < 20(Q) (1)

for every hyper-rectangle @ C X x Y.

C2. Let Size(Q) denote the length of the longest side of

the hyper-rectangle Q, then as Size(Q) \, 0, v (Q) —.
®.(Q) \\ 0 uniformly, i.e.,
Ve>035>0 suchthat: VQ C X xY,

Size(Q) < § = ®y(Q)—®L(Q) < ¢ (17)

Define the following functions on the family of hyper-
rectangles of the form @ C X x Y:

oy (Q) =
®.(Q) :=

(18)
(19)

Clearly, for any @, ®y(Q) may be obtained from Algorithm
3.1. Also, ®.(Q) is merely the solution to an LMI problem
over @ x W(Q), and can be calculated fairly efficiently [15,
35].

Theorem 4.1 ®y and ®;, as defined in (18) and (19) fulfil
conditions C1 and C2.

Proof: That &y and ®;, satisfy condition C1 follows
from Proposition 3.2.

From the inequality {4 + B} < A{A}+ X{B} for hermi-
tian matrices, and defining v; ; := v; ;(2i, ¥j, Wi ;) = Tiy; —wi;

local( :2)120/\(1, y)

(Ivu)eé{l#lEW(Q) AL(z’ Y, W)

Az, y) € Ap(z,y, W) +X{€: i':(z.-y,» - wx'a)Ff,j}

i=1j=1

= A(Q}, y) - AL(zyyy W) S

X{ i i ”i.jFi,j}

i=1j=1

_| s M

= A(mtv y‘) - AL(m‘1 y‘) W‘) < A{Z Z v:,jF},j}
=1 j=1

where (z*,y*, W*) := arg min(, y)cewew(e) AL(2,y, W), and

v} = vi (2}, 4], wi;). Note that

Size(Q) < ¢
= SizeW(Q)) < §(B:+ B, +9)
= Vi j < ZJ(B;+BV+6),
Vie{l,...,n;},Vje{l,...,n,}

and define A(Q):

A(Q) = Qu(Q)—2L(Q)
= i — i A w
S A Y) = By g M (B8 W)

Now, since ming )eq A(z,y) < A(z*,y*) by definition, and
A(Q) > 0, it follows that

X{EEF}

i=1j=1

0 < A(Q)

IA

ny Ny

v |szrsr(13,)ia,+s)'\{2 POLY F‘”} (20)

i=1 j=1

so that condition C2 follows. Q.E.D.
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4.2 A BMI Branch and Bound Algorithm
Given the functions ®y(Q) and ®.(Q), it is straightforward

to adapt the branch and bound algorithm given in 3, 2] to-

globally minimize A(z,y), see Table 2.

Algorithm 4.1 Branch and Bound Algorithm for BMI

I Fizre>0. Setk:= 0, Qo =X X Y, So = {QQ}.
Lo := ®1(Qo), Us := Pu(Qo).

II. Repeat {
R1. Select @ from S_g such that L, = 1(Q).
Sk-H =8 — {Q}

R2. Split Q along its longest edge into Q; and Q;.

RS. Fori=1,2, {
If &(Q) < Ui, { ]
Compute ®y(Q:). Sks1 =Sk U {Q.}

}
R{. Uiyy = minges,,, by (Q).
R5. Pruning: Spqq i= Spyr — {Q: 82(Q) > Uk}
R6. Ly := minges,,, ¥r(Q)-
R7. k:=k+1.
}until Up — Li < e.

Table 2: Algorithm 4.1

In Algorithm 4.1, S is the collection of hyper-rectangles
{Q1,Q3,..., 2z} after k iterations, where k < k. At the
(k + 1)th iteration, Q, the rectangle in S with the smallest
lower bound, ®.(Q) is identified, and split along its largest
side into rectangles @y, and Q; (Step R2). Si4, is formed by
discarding Q from S;.

The lower bounds corresponding to @, and Q;, ¥.(Q1)
and ®1(Q;), are calculated. If &1(L:) > Uk, Q. is discarded,
otherwise ®y(Q;) is calculated and Q; is added to Si4..

The new estimate for the upper bound, Uxy; is the low-
est upper bound of the @ € Si41, see Step R4. Using
Uk+1, Sk41 is pruned to remove hyper-rectangles for which
the global minimum cannot occur, since their lower bounds
exceed the current upper bound Uy,;. The pruning step R5 is
not strictly necessary, but is required to minimize the number
of hyper-rectangles stored. The new estimate for the lower
bound Lj,; is the smallest lower bound of the Q@ € Si41.

Note that necessarily,

. @L(Q,) and CI'L(Qg) cannot be less than L, and

o Size(Q;) and Size(Q2) cannot exceed Size(Q), and the
“volume” of the rectangles Qy and @ will be half that
Of Q) .

i.e. heuristically, it can be seen that the lower bound L; and
the hyper-rectangle containing the smallest lower bound will
be successively refined. The details on the finite time con-
vergence of the above standard branch and bound algorithm
may be found in, e.g. [2].

Theorem 4.2 Algorithm {.1 terminates in finite time.

This follows from the fact that &y and & fulfil conditions
C1 and C2. An example of the performance of Algorithm
4.1 is given in the next section.

It should also be noted that if only the BMI feasibility
problem is of interest, i.e. if it is desired only to find (z,y)

isuch that A(z,y) < 0, then the upper bounds U; may be
‘set to 0 always, and the algorithm is terminated if either
Oy (@) < 0 for some Q or if Ly 2 0.

4.3 Remarks

The key to Algorithm 4.1 is the development of the lower
bound function ®,, which exploits the bilinearity of the prob-
lem. However, the use of the lower bound of (14) is possibly
very conservative. If the geometry of the BMI problem is
such that the lower bound of (14) is conservative, then the
convergence of Algorithm 4.1 will be slow.

Even though convergence to a global minimum is guar-
anteed in Algorithm 4.1, it may not be practical to apply

‘the algorithm to obtain complete solutions to even moder-
" ate sized robust control synthesis BMI problems due to the

large computational load imposed by Algorithm 4.1. How-
ever, Algorithm 4.1 is probably more efficient compared to,
say, gridding the entire domain of the BMI in question.
Note that Algorithm 4.1 differs from the branch and bound
approach suggested in (3, 2] in the sense that the upper and
lower bounds functions used in (3, 2] are derived from con-
trol theory considerations. In contrast, the upper and lower

.bound functions &y and ®, used in Algorithm 4.1 are derived

purely from the BMI formulation of (2) itself.

The geometrical aspects of the BMI feasibility problem
were discussed in [18]. In particular, the BMI problem was
shown to be equivalent to that of finding a hyperplane sep-
arating a given matrix numerical range (field of values) and
the origin, subject to the constraint that the hyperplane being
generated by a dyad. The connection between that viewpoint
and the lower bound of Proposition 3.2 is obvious.

A related approach to the BMI problem is that of [34],
which showed that the BMI feasibilty problem may be re-
duced to the problem of finding the maximum norm element
in an intersection of ellipsoids centered at the origin: a convex
mazimization problem, which again requires global optimiza-
tion techniques.

4.4 Other Global Approaches

There are several references in the mathematical program-
ming literature to branch and bound methods for biconvex
and bilinear problems, e.g., [1, 21]. Also available is the Ben-
ders decomposition (see [16] and references therein) which
leads to the primal-relaxed dual algorithm of {14]. The al-
gorithm of [14] is of particular interest. However, it requires
closed form formulae for the gradients of the function to be
minimized, which is unavailable in the BMI context.
Another obvious approach to the BMI global optimiza-

_tion problem is to use multistart methods, e.g. [30]. Various

“intelligent” optimization methods may also be used. How-
ever, unless the underlying structure of the BMI problem is
exploited, it is doubtful whether these methods will offer any
improvement over Algorithm 4.1.
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(,¥)opt | MF(z,y)opt}
(0.0049, —2.0253) 3.3886
(0.4436, 4.0174) —0.4434
(1.0488, 1.4179) —0.9565

Table 3: Local Minima of A(z,y) of (21).

5 A Simple BMI Example

Consider a simple BMI problem with its its corresponding

LMI:
[ -10 —05 -2 -1.8 -0.1 -04
F(z,y) := -05 45 0 |+y| -01 12 -1
| -2 0 o -04 -1 0
9 05 0 [ I
+z|[05 0 -3|+4+azy|0 -55 3 [(21)
0 -3 -1 2 3 0
[ 10 -05 -2 ~18 -0.1 -04
Fr(z,y,w) = -05 45 0 |+4y| -01 12 -1
L -2 0 o0 -04 -1 0
9 05 0 0 0 2
+z|05 0 -3|4w|0 -55 3
0 -3 -1 2 3 0

i
At

&
o
©

Figure 1: Contour Plot of X{ F(z,y)}, with trajectories of Al-
gorithm 3.1, the local optimization algorithm. Circles denote
the local maxima.

For this particular example, the objective is to minimize M F(z, y)}

for (z,y) € [—0.5,2] x [—3,7]. Note that F(1,0,1) = —I, so
that min M {Fr(z,y,w)} = -1

It should first be noted that that there are three local
minima, as given in Table 3.

Figure 1 gives the contour plots of A{F(z,y)}, and the
trajectories of the BMI local optimization algorithm, Algo-
rithm 3.1.

The global optimization algorithm, Algorithm 4.1, required
24 iterations to reduce the difference between the minimum
upper bound and the minimum lower bound, Uy — L; to
within 0.5% of Ux. The e-global minimum was found to be
£ = 1.0488 and § = 1.4178, and Uz4 = A(%, ) = 0.9565. The
best lower bound to ming,) A(z,y), L24 = 0.9603. Figure 2
shows the partitions generated by Algorithm 4.1. The end-
points of the local minimization algorithm, Algorithm 3.1, for
each partition are also shown.

The progress of Algorithm 4.1 is shown in Figure 3. Note
that the global minimum is found fairly early, and the re-
mainder of the iterations are devoted to tightening the lower
bounds.

6 Summary and Conclusion

The Biaffine Matrix Inequality (BMI) formulation is a very
flexible framework for approaching complex control system
synthesis problems. The robust control synthesis problems
that fall within the BMI framework include, e.g., the p/K,,-
Synthesis problem with fixed order multipliers and fixed order
controllers, multiobjective synthesis and the synthesis of one
controller for multiple plants.

The BMI formulation leads to biconvex optimization prob-
lems which are often difficult to completely solve, i.e. a local
minimum may not be a global minimum, and it is gener-
ally hard to verify that a local minimum is indeed a global
minimum. While local optimization approaches often yield
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Figure 2: Contour Plot of M F(z,y)}, with partitions gener-
ated by Algorithm 4.1 shown. Circles are local minimization
endpoints.
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Heraton

Figure 3: Progress of the upper and lower bounds, Uj and
Ly, and the logarithmic plot of the difference, Ui — Lg.
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sufficiently good solutions, it remains important to investi-
gate methods for finding a solution that is guaranteed to be
a global minimum within some given tolerence.

The contribution of this paper is that it provides a branch
and bound global optimization algorithm for the BMI prob-
lem that is guaranteed to find a global minimum of the BMI
problem to any arbitrary tolerence in finite time. The branch
and bound algorithm provided exploits the bilinearity of the
problem structure and builds on the recent advances. in solv-
ing convex LMI type problems. A simple BMI example is
included.

References

{1] F.A. Al-Khayyal. Jointly constrained bilinear programs and re-
lated problems: An overview. Computers and Mathmatics with
Applications, 19(11):53-62, 1990.

V. Balakrishnan and S. Boyd. Global optimization in control sys-
tem analysis and synthesis. In C.T. Leondes, editor, Control and
Dynamic Systems, volume 53. Academic Press, 1992.

(8] V. Balakrishnan, S. Boyd, and S. Balemi. Computing the mini-
mum stability degree of parameter-dependent linear systems. In
S.P. Bhattacharyya and L.H, Keel, editors, Control of Uncertain
Dynamic Systems, pages 359-378. CRC Press, Inc., Boca Raton,
FL., 1991.

[4] G. Becker, A. Packard, D. Philbrick, and G. Balas. Control of
parameter-dependent linear systems: A single quadratic lyapunov
approach. In Proc. American Control Conf., pages 2795-2799, San
Francisca, CA., June 24, 1993. IEEE Press.

[6] D.S. Bernstein and W.M. Haddad. LQG control with an H> per-
formance bound: A Riccati equation approach. IEEE Trans. on
Automatic Control, AC-34(3):293-305, March 1989.

[6] S. Boyd. Robust control tools: Graphical user-interfaces and
LMI algorithms. Systems, Control and Information, 38(3):111-117,
March 1994.

{7] S.P. Boyd and L. El Ghaoui. Method of centers for minimizing
generalized eigenvalues, Linear Algebra and its Applications, 188-
189:63-111, 1993.

S.P. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnan. Linear
Matriz Inequalities in Systems and Control Theory. S.1.A.M., 1994.

J. David. Algorithms for Analysis and Design of Robust Con-
trollers. PhD thesis, Katholieke Universiteit Leuven, Belguim.,
1994.

R.E. De Gaston and M.G. Safonov. Exact calculation of the mul-
tivariable stability margin. IEEE Trans. on Automatic Control,
AC-33:156-171, 1988.

{11] J.C. Doyle. Synthesis of robust controllers and filters with struc-
tured plant uncertainty. In Proc. IEEE Conf. on Decision and
Control, Albuquerque, NM, December 1983. IEEE Press.

1.C. Doyle, A. Packard, and K. Zhou. Review of LFTs, LMIs, and
. In Proc. IEEE Conf. on Decision and Control, pages 12271232,
Brighton, England, December 11-13, 1991, IEEE Press.

L. El Ghaoui and P. Gahinet. Rank minimization under Imi con-
straints: A framework for output feedback problems. In Proceedings
of 1993 European Control Conference, Gronigen, pages 1176-1179,
1993.

C.A. Floudas and V. Visweswaran. A global optimization algorithm
for certain classes of nonconvex NLPs, — 1. Theory. Computers and
Chemical Engineering, 14(12):1397-1417, 1990.

P. Gahinet and A. Nemirovskii. General-purpose LMI solvers with
-benchmarks. In Proc. IEEE Conf. on Decision and Control, pages
3162-3165, San Antonio, TX, December 1993. IEEE Press.

[16] A.M. Geoffrion. Generalized Benders decomposition. Journal of
Optimization Theory and Applications, 10(4):237-260, 1972.

[2

8

{9

(10]

{12

{13

{14}

{13}

[17] K.C. Goh, J.H. Ly, L. Turan, and M.G. Safonov. u/K,,-Synthesis
via Bilinear Matrix Inequalities. In Proc. IEEE Conf. on Decision
and Control, Orlando, FL., 1994. To be presented, December 1994.

K.C. Goh, L. Turan, M.G. Safonov, G.P. Papavassilopoulos, and
J.H. Ly. Biaffine Matrix Inequality properties and computational
methods. In Proc. American Control Conf., pages 850~855, Balti-
more, MD., 1994. IEEE Press.

[19] W.Haddad, E.G. Collins, and R. Moser. Structured singular value
controller synthesis using constant D-scales without d—k iteration.
In Proc. American Control Conf., pages 2798-2802, Baltimore,
MD, June 29 - July 1, 1994. IEEE Press.

[20) A. M. Holohan and M.G. Safonov. Neoclassical control theory:
A functional analysis approach to optimal frequency domain con-
troller synthesis. In C.T. Leondes, editor, Control and Dynamic
Systems, volume 50, pages 207-329. Academic Press, New York,
1992.

[21] R. Horst and H. Tuy. Global Optimization: Deter istic Ap-
proaches. Springer-Verlag, Berlin, second, revised edition, 1993.

(18]

[22] F. Jarre. A interior point method for minimizing the maximum
eigenvalue of a linear combination of matrices. SIAM J. Control
and Optimization, 31(5):1380-1377, September 1993,

P.P. Khargonekar and M.A. Rotea. Mixed H3/H, control: A
convex optimization approach. IEEE Trans. on Automatic Control,
AC-36(7):824-837, July 1991.

P.P. Khargonekar, M.A. Rotea, and N. Sivashankar. Exact and ap-
proximate solutions to a class of multiobjective controller synthesis
problems. In Proc. American Control Conf., pages 1602-1606, San
Francisco, CA., June 2-4 1993. IEEE Press.

[25] K.G. Murty and S.N. Kabadi. Some NP-Complete problems in
quadratic and nonlinear programming. Mathematical Program-
ming, 39:117-128, 1987.

[26] Yu. Nesterov and A. Nemirovskii. Interior-Point Poiynomial Algo-
rithms in Convex Programming. SIAM Publications, Philadelphia,
PA, 1994.

[27] M. Newlin and P.M. Young. Mixed g problems and branch and
bound techniques. In Proc. IEEE Conf. on Decision and Control,
pages 3175-3180, Tucson,AZ., December 16-18, 1992. IEEE Press.

[28] A. Packard, G. Becker, D. Philbrick, and G. Balas. Con-
trol of par ter—dependent syst Application to ¥, gain—
scheduling. In Proc. IEEE Regional Conf. on Aerospace Control

Systems, pages 329-333, Sherman Oaks, CA., June, 1993. IEEE
Press.

[23]

(24]

[29] A. Packard, K. Zhou, P. Pandey, and G. Becker. A collection of
robust control problems leading to LMI’s. In Proc. IEEE Conf. on
Decision and Control, pages 1245-1250, Brighton, England, De-

cember 11-13, 1991. IEEE Press.

AH.G. Rinnooy Kan and G.T. Timmer. Stochastic global opti-
mization methods, Part I: Clustering methods; and Part 1I: Multi
level methods. Mathematical Programming, 39:27-56,57-78, 1987.

A.H.G. Rinnooy Kan and G.T. Timmer. Global optimization. In
G.L. Nemhauser, A.H.G. Rinnooy Kan, and M.J. Todd, editors,
Optimization, volume 1 of Handbooks in Operations Research and
Management Science, pages 631-662. Elsevier Science Publishers
B.V., 1989.

M.G. Safonov. L™ optimal sensitivity vs. stability margin. In Proc.
IEEE Conf. on Decision and Control, Albuquerque, NM, December
1983. IEEE Press.

M.G. Safonov, K.C. Goh, and J.H. Ly. Controller synthesis via
Bilinear Matrix Inequalities. In Proc. American Control Conf.,
pages 45-49, Baltimore, MD., June 29 - July 1, 1994. IEEE Press.

M.G. Safonov and G.P. Papavassilopoulos. The diameter of an
intersection of ellipeoids and BMI robust synthesis. In Proceedings
of the IFAC Symposium on Robust Control Design, Rio de Janeiro,
Brazil, 14-16 September 1994.

L. Vandenberghe and S.P. Boyd. Primal-dual potential reduction
method for problems involving matrix inequalities. Technical Re-
port, 1.S.L., Stanford University, January 1993.

[30)

{31]

(32)

(33]

[34]

[35]

2014




