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> General Case
Background

X1 = f(xu, wi)
Vi = h(xk, vi)

» Known: (yk)«, the distribution of xq, wi, vk.

» Unknown: (wi)k, (Vi)k, (Xk)k-
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» General Case
Background
X1 = F (X, wi)
Vi = h(xi, vi)
» Known: (yk)«, the distribution of xq, wi, vk.
» Unknown: (wi)k, (Vi)k, (Xk)k-

Additive Noise

v

X1 = (X)) + wie
v = h(xk) + vk
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» Problem: Find the distribution of X1 given yxy1 and the Background
distribution of x.

» It can be solved exactly for finite state space or for a linear
system with Gaussian noise.

» Bayes rule:

P(Xky1lyrk) = /P(Xk+1|Xk)P(Xk|Y1:k)ka
P(Xk+1|y1:k+1) = P(yk+1|Xk+1)P(Xk+1|y1:k)/Ck7

Ck = /P()/k+1|Xk+1)P(Xk+1|y1:k)ka



Kalman Filter (Prediction Step)

> System:

Xk+1
Yk

Arxk + Bk + wy
Cixk + Di + vk
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Background
> System:

X1 = AwXi + B + wi
Vi = Cixic + Dy + v

> Prediction Step:

K1 = Ak + Bk
P, = AP Al +Q

Xk+1
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Xk+1 = Arxk + Bi + wy
Yie = Cexic + D + vy

Background

» Mean and Covariance Matrices:

Vir1 = Cerrfir + Di

_ — T
Py.. = CkHPXk+1 Cii1+R
_ p— T
PXk+1}’k+1 - PXk+1 Ck+1
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Xk+1 = Arxk + Bi + wy
Yie = Cexic + D + vy

Background

» Mean and Covariance Matrices:

Vir1 = Cerrfir + Di

_ — T
Py.. = Ck+1ka+1 Cii1+R
_ p— T
PXk+1}’k+1 - PXk+1 Ck+1

» Correction Step:

Kij1 = P [

Xk+1Yk4+1" Y41

Rir1 = Ripq + Kisr (Vi1 — Piir)
— T

Por = P — Kis1 Py Ky

Xk+1 Xk41 Yk+1



Filtering for Nonlinear Systems

» Extended Kalman Filter (EKF): Linearize, then apply KF.
Satisfactory only for small noise covariance or slight
nonlinearities.
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Background

» Extended Kalman Filter (EKF): Linearize, then apply KF.
Satisfactory only for small noise covariance or slight
nonlinearities.

» Unscented Kalman Filter (UKF):

“It is easier to approximate a probability
distribution than it is to approximate a nonlinear
function or transformation”.
But accurate approximation in high dimensional spaces leads
to computational burden.
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Background

» Extended Kalman Filter (EKF): Linearize, then apply KF.
Satisfactory only for small noise covariance or slight
nonlinearities.

» Unscented Kalman Filter (UKF):

“It is easier to approximate a probability
distribution than it is to approximate a nonlinear
function or transformation”.

But accurate approximation in high dimensional spaces leads
to computational burden.

» The curse of dimensionality
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Analysis

Nc
X1 = Axic+ > Bigi(D i) + wi
i=1
Yii = hi( Gl xi) + vy i = 1,. .., No

g; and h; are nonlinear one-variable functions, N., N, € N, while
C; and D; are column vectors in R".
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Systems with linear dynamics and nonlinear output.

SISO linear systems with nonlinear feedback.

MIMO linear systems with nonlinear decoupled feedback.

vV v v VY

Cascades of linear systems with nonlinear characteristics.



Improved Unscented

Important Subclasses Kalman Fag For

vV v.v v .Y

Class of Nonlinear
Systems

Alexandros C. Charala-
mpidis,

George P. Papavassilo-
poulos

Areligie
Systems with linear dynamics and nonlinear output.

SISO linear systems with nonlinear feedback.

MIMO linear systems with nonlinear decoupled feedback.

Cascades of linear systems with nonlinear characteristics.

Arbitrary networks of linear systems interconnected with
nonlinear characteristics.
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» Mean: ]E[Xk+1] = AXk + Zi:cl B,]E[g,(Dl Xk)] poulos
» Covariance:
Analysis
N
P, = VIAx] + VI Bigi(D x)l+
i=1
N, N,

Cov(Axk, Z Bigi(D] x))+ COV(Z Bigi(D;" xx), Axi )+ V[wi]
i=1 i=1
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» Covariance:
Analysis
N
P, = VIAx] + VI Bigi(D x)l+
i=1
Ne N,
Cov(Ax, Z Bigi(D; xi))+ COV(Z Bigi(D; xi), Axi)+ V[ wi]
i=1 i=1

» Terms of the following form appear:
> Elgi(D/ x)]
> E[gi(Dx)g(D} x)]
> Elxgi(D/ )]
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N, George ;pg’(li:;vassilo—
» Mean: E[xci1] = A + Y1 BiE[gi(D/ x«)] poulos
» Covariance:
Analysis
N
P, = VIAx] + VI Bigi(D x)l+
i=1
Ne N,
Cov(Ax, Z Bigi(D; xi))+ COV(Z Bigi(D; xi), Axi)+ V[ wi]
i=1 i=1

» Terms of the following form appear:
> Elgi(D/ x)]
> E[gi(Dx)g(D} x)]
> Elxgi(D/ )]
» But the real valued D/ x, ~ N(D; X, D] P, D;)!
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» Terms of the same forms are needed in order to calculate
Vv Pyeirr Pryiea- Then Kalman Filter Egs. are used, as
in standard UKF.
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» Terms of the same forms are needed in order to calculate
Vv Pyeirr Pryiea- Then Kalman Filter Egs. are used, as
in standard UKF.

» When x is a normally distributed random variable,
E[g1(D{ x)] and E[g1(D{ x)g2(D; x)] are integrals in R and
R? respectively, thus not very demanding to compute.
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Analysis

» Terms of the same forms are needed in order to calculate
Vv Pyeirr Pryiea- Then Kalman Filter Egs. are used, as
in standard UKF.

» When x is a normally distributed random variable,
E[g1(D{ x)] and E[g1(D{ x)g2(D; x)] are integrals in R and
R? respectively, thus not very demanding to compute.

» Thus it remains to show how S = E[xg(C ' x)] can be
computed effectively, when x ~ N(M, P).



Dimension Reduction (1)

v

v

v

v

It is easy to find n — 1 linearly indepenendent vectors
{vi,i=1,...,n—1} such that v;' PC = 0.

Using the fact that P > 0, it can be proved that
{v1,...,Vn_1,c} are linearly indepenendent, too.
Then Cov(CTx v; x) CTpPy; = 0.

Thus v;'S = E[v. xg(CTx)] = E[v/ x|E[g(CTx)] =
v ME[g(CT )]
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Thus S is the solution of

cT E[CTxg(Cx)]
v v{ ME[g(C )]
il LW MELg(CTY)

The coefficient matrix is non-singular, while the right hand side
terms need only one-dimensional integration to be computed.
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A linear system with matrices equal to poulos
0.9 1 0 0
A=1|0 0.7794 1 ,b=1 0 |, St
0 —0.2025 0.7794 0.25

c=1[03730 0 0

and whose transfer function is

0.093258
(z —0.9)(z%2 — 1.559z + 0.81)

Goys(2) =

is driven by GWN following N(0,1). The sensor suffers from
nonlinearity and noise so that y(k) = s(k)3 + v(k), where v is
GWN following N(0,0.09). The goal is to estimate the output of
the linear system.



Example 1 (Results)

One typical run

-15
0

60

70

80

90

100

Improved Unscented
Kalman Filtering For a
Class of Nonlinear
Systems

Alexandros C. Charala-
mpidis,

George P. Papavassilo-
poulos

Examples



Improved Unscented

EXa m ple ]_ ( Resu |ts) Kalman Filtering For a

. Class of Nonlinear
RMS error statistics from 100 runs Systems
Alexandros C. Charala-
mpidis,
George P. Papavassilo-
poulos

Examples

Estim. Techn. | Mean Value | Standard Deviation | Worst Case
EKF 0.9301 0.1735 1.3363
UKF 0.2992 0.0390 0.3970
MUKF 0.2844 0.0371 0.3643




Example 2

Suppose now that y(k) = s(k)*(1 4 0.25cos(20s(k))) + v(k).
The RMS error statistics from 100 runs are:

Estim. Techn. | Mean Value | Standard Deviation | Worst Case

EKF 0.9790 0.1794 1.5363
UKF 0.3265 0.0677 0.7334
MUKF 0.2896 0.0331 0.3757
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Conclusion

» Reducing the integration in the n-dimensions to a number of
n-dimensional linear systems and integration problems in one
and two dimensions permits more accurate computations.

» Future research:

» Exploiting the special structure of other classes.
> Accounting for non-gaussianity.
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