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To find the &, as functions of I,y we have to solve (29).
This can be done explicitly by using the results of [7]. The
solution of (24) might in general not exist, be it nonunique
or nonlinear. Nonetheless the following lemma holds (see
(7). '

Lemma 1: The solution of (29) will exist, and will be
unique if and only if the matrix

I+ B{NQI.N+IBIN
I-’-BﬁNQz.NHBIN

MBiNQLNHBzN
I+ BéNQz,NHBzN

is nonsingular for every p equal to a finite product of
powers of the canonical correlation coefficients on z,, z, 5.
In this case the unique solution of (29) is given by

Ay =Mz,y (31)
where the M,’s are the (unique) solutions of the system
(I+BixQ, N+IBIN)M1 + BinQi n+1Ban M2,

— Biy0,, N+lANL
BZNQZ N+IBINM122+(I+ BinQ,, N+IB2N)M2
= —BZNQZ,N+IAN )2v (33)

and where 2|, 2, are known matrices which satisfy
E [sz|ziN] =_2iziN’

(see [9] for the notion of the canonical correlation coeffi-
cients). It should be pointed out that the canonical correla-
tion coefficients of Iy, I,y are either 1 or the canonical
correlation coefficients of z,y, z, [see (11), (12)]. In (30)
we do not consider p =1 since that would correspond to a
part of u,, dependent only on I. Also, the z,y, z,5 have
canonical correlation coefficients strictly less than 1 be-
cause v, , v,y are independent. If the condition of Lemma
1 does not hold, then (29) has either no solution or it has
infinitely many which may be nonlinear functlons of Iy, z,y
(see [7].

To find the &, ’s we have to study (28). Since we assume
that an N-pair exists, (28) must have a solution. Thus
(#]y, U5y ) must be equal to the product of the pseudoin-
verse of the left-hand side matrix of (28) by the right-hand
side of (28) plus anything in the null space of the matrix
on the left-hand side. To avoid this nonuniqueness we as-
sume the invertibility of this matrix; i.e., we assume that
the condition of Lemma 1 holds also for u =1. Thus, the
solution of both (28) and (29) becomes easy under the
following assumption.

Assumption N: The matrix (30) is nonsingular for any
p=1 or equal to any finite product of powers of the
canonical correlation coefficients of z,y, z,5 (or equiva-
lently p = any finite product of powers of the canonical
correlation coefficients of 7y, I, ).

In the following we assume that Assumption N holds. Since
Uiy = Yin(P10r Vi n=15 Yaos" " Yo n—1> Vin)s the B;y’s
and #,,’s can be expressed as functions of the same y,;’s.
Considering (8)-(14) we obtain

uy=¢(y0,

] (30)

(32)

i=1,2 (34)

'»)’1.N—1’}’20""a)’2,‘N—1) (35)
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Uiy=Myy+ ‘V()’mv,’ Vi N=15Ya0s" ’)’2.N—|) (36)
for some ¢'’s, ¥'’s which have to satisfy
I+ BiyQ vi1Biv  BinQinviiBan |

-

BﬁNQZ,N+iBIN I+BéNQ2.N+|B2N

BinQ, v AnLy (s Yy, i=1,2;
k=0,1,---,N—l)

) ’ . . (37)
BinQy Nt AnLY (i, Yier i=1,25
k=0,1)...,N_1)
V' =L, (Y 4ip,i=1,2; k=0,1,--- ,N—1). (38)

The reason that the dependence of u, of y, is known [see
(36)] is essentially due to the fact that z,, contains v,y as
an additive term and so does y,, and v,y is independent of
all the other primitive random variables. Combining (35)

and (36) we obtain
=My + v+ (39)

where M, is known and the \V ’s, ¢'’s are functions of I
sansfymg (37), (38).

We are now ready to go one step backwards and use
(18), (19) for x = N — 1. Using (17) for n = N — 1, substitut-
ing x , |, Xy from (1) and using (39) to express y,y in terms
of Xp_ 1,4y y_1s Uy y— WE Obtain

J;. y—1 = E{quadratic function of (4, y_,, %5 y—1» Xy_i»
‘P|+¢|9‘p2+¢2’WN’WN—I’OIN’U2N')}' (40)

The quadratic functions in (40) are positive definite in
u; y_, and their coefficient matrices depend on M,, M,.
The ¢/ + ¢' terms are functions of y g, * -,y y—1, Vag»" " *»
2. n— and thus they do not depend on u; ,_,. We are thus
faced with a situation similar to (2). Applying the same
standard result, we obtain the analogs of (21), (22), i.e.,

SN Nuy yoy + SHTPy N, v
= Pl.N—liJ;v—l(xN— LY+, YR+ ¢,
Wxs Wh— 15 V1w °2N) (41)
SNTPy it -1+ S g o
= PZ.N—-IIA‘%I-— (xyo ¥ + ¢, 92+ ¢2,
wN’wN—I’UIN’UZN) (42)
where the $/~'’s are known matrices depending on
M,, M,, the L, _’s are known linear functions, and P, ,_,
= E[-|F; y_,) In (41) and (42) we now substitute the
Y, ¢'’s with their equals from (37) and (38) which depend

on u, y_,,U; y—;- We then group together the terms in-
volving the u; y_,’s and end up with the equation

SN 'uy v+ S%_ZPI,N—I“LN—X
= PI.N‘li‘lN*l(xN—l’wN’wN—l,’ulN’oZN’

U N-2»

'J’Z,N—I)

Upgs™ " " sUy N—25Up05" "

Y (43)

YIN=1V200" "
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SZI-PZN 1%, N- l+Szz “2N 1

=P N lLN-l(xN— WNSWN_ 15 V185 Oapns

U, Uy N-2>

Yios" " 'v)’2,N'—‘|) (44)
where the L, _,’s are known linear functions. In (43), (44)
we can substitute y; y_, with their equals from (2), use
(10)-(16), and repeat the analysis we did for (21), (22)
where the role of I, z; iN will be assumed by I,_,, z AN=1s
i.e., we will repeat the steps taken after (22) until (39). The

counterpart of Assumption N is as follows.
Assumption N — 1: The matrix

[ sy #Sﬁ‘q
pSH~ SET!

sUp N—25 Ug05" "

Yi,N=1> V20"

(45)

is nonsingular for any p = any finite product of [ powers of -

the canonical correlation coefficients of I, _,, I noy
Under Assumption N —1 we will obtain that U y—y is
linear in z; 5_, and thusin y, y_,, i.e,,

U o1 =My, + (v + Wv-1)
‘(105" ’Jz,;v—z) (46)

where the M,’s are known matrices [recall the discussion
between (35)-(39)]. Substituting u, _,,u, y_, from (46)
into (37), (38) and using the fact that the v, y_,, v, y_, are
independent among themselves and independent of all the
Yio»" * *»Yi.n—2 S We learn the functional dependence of the
¢,¢¥'’s on y, y_,, ¥, v_, and thus the functional depen-
dence of u; y,u;y ON y, y_, ¥, y_;. These functional
dependencies are linear and the corresponding gains are
known. In conclusion, at the end of the analysis at stage
N —1 we have the following. Under Assumption N and
Assumption N — 1, the u; »’s, u, y_,’s are equal to

SYI,N=2002,00""

MNny + MIKIN_I.V(.N—I
+MEV 'y v+ fin(Iy_y) (47)
U, o =My v+ fiono i (Iyy) (48)

where the matrices M are known. The functions f,y, f; r_,
in (47), (48) have to satisfy conditions correspondmg to
those thit the ¢'’s, ¥’s had to satisfy at stage N [see (37),
(38)].

We can now continue this process backwards. At stage
k, for example, we will impose the followmg

Assumption k: The matrix

Slkl I‘Slkz

(49)
I‘Szkl Szkz

is nonsingular for any p. = any finite product of powers of the
canonical correlation coefficients of I, ,,I,, and we will
obtain

Uy =My, + Mp'"ly 4+ MRy
M2 = V1t A'Iil' Yo + fu(L_y)
l=k,k+1,---,N (50)
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where the M matrices are known and the f,’s have to
satisfy certain conditions [recall (37), (38)]. Also, the matrix
in (49) depends on the M;™’s with /, m > k + 1, so that the
nonsingularity of (49) can be checked recursively.

It should be clear by now that if Assumption k holds for
k=N,N—1,---,0, we will have a unique stagewise Nash
equilibrium which will have to be linear in the information.
It is an easy task to verify that it will also be a Nash
equilibrium by checking directly that it satisfies Definition
1; in regard to this, the reader can consult [6]. Let us
formalize the above analysis in the following theorem.

Theorem I: If Assumption k holds for k=N, N—
1,---,0, then the Nash problem stated in Section II admits
a unique solution which has to be linear in the information.

IV. DiscussioN

In this section we provide several remarks which indicate
how one can generalize our analysis to other cases, how to

~weaken several assumptions, how to relate our results to

the work of others and point out several open problems.
Remark 1: The essential aspect of our results is that the
solution of the stochastic Nash game with one-step delay
observation sharing pattern will amost always exist and be
unique and linear in the information. Assumption k will
hold for almost any choice of the parameter matrices A4,
B, Cits Qix» R, and even if it does not, by perturbing a
little the values of some parameter matrices it can be made
to hold. Considering that in a real-life problem the values
of the parameter matrices are known within a small error,
one can conclude that when solving such a Nash game he
can securely restrict himself to solutions linear in the
information. If Assumption k fails for some k, then there
exists no solution or there exist infinitely many which may
be nonlinear functions of the information. This can be
demonstrated easily by using the results of [7] where the
static version is studied. An important result which holds
for the static case is that if there exists a solution, then
there will exist a solution linear in the information. The
corresponding statement for the:dynamic case considered
here has not been established, although one would be
tempted to conjecture it. The proof of such a conjecture for
the dynamic case lies in showing that if Assumption N does
not hold, but (29) is solvable for u;, and u,y is chosen to
be any (perhaps nonlinear) function of z,, (and thus of
Yin) which satisfies (29) and a solution for u; ,_, exists,
then a solution for #, _, would also exist if u;, had to be
chosen linear in z;,. (Using the results of [7] we can see
that if Assumption N does not hold, but (29) is solvable for
u,y, then there are infinitely many u,,’s which solve (29)
and some of them—perhaps infinitely many—are linear in
z;5-) Showing this is quite difficult due to the nonlinear
dependence of u,y on z,, and thus on u, ,_,, which results
inJ; y_, being nonlinear in u; ,_, (see also Remark 2).
Remark 2: Using the results of [7], one can analyze (29)
completely; i.e., check whether or not it has a solution and
if it has, construct all the solutions. If (29) is solvable, but
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Assumption N does not hold, then i,, will (in general)
have the form (25). The assumption that v,y, v,y are
independent yields that the canonical correlation coeffi-
cients of z,y,z,y are strictly less than 1 and thus the
summation with respect to / in (25) will be finite; (inspect-
ion of (30) shows that Assumption N will hold as pu — 0).
In (25) we can substitute z,, from (12) and this will yield

N

Uiy = 121 %‘#k()’lo" *Vi -1 )20 " Yan-1)41(Vin)
where the §;’s are known polynomials of the components
of y,y- (The reason that the §;’s are known is the same as
the one stated after (22).) These ;s will assume the role
of the #,y’s in (36) and the resulting J; _, (40) will be a
polynomial function of u, y_,. (43) and (44) will no longer
be linear in u; »_,. The procedure described above is the
one that should be followed if one wants to come up with a
complete analysis of the Nash game under consideration.
For simple cases where N is small, it is feasible to carry it
out, but as N increases the situation deteriorates rapidly.
Nonetheless, it is the only way to go if one wants to prove
or disprove the conjecture mentioned at the end of Remark
1, Also if Assumption N does not hold for u =1, then the
dependence of (#,y, #, ) on an arbitrary function of (y,,
i=12;k=0,1,---,N—1) with range in the null space of
the left-hand side matrix in (28) will again create trouble
when we try to find the functional dependence of the
¢'’s [see (35), (37) and discussion following (46)] on
Yin-v Vo N-1- _

Remark 3: The calculation of the S%’s in (49) can be
done recursively, but it is a laborious task. We will not give
their forms here, but the interested reader can consult [10],
whose notation D, ;(k — 1) corresponds to our Sj.

Remark 4: In order to make legitimate use of Hermite
polynomials all we need to require from the primitive
random variables x,, w,, v;, is that they are Gaussian and
such that the I,,’s have nonsingular covariance matrices.
Also, in order to be able to extract the functional depen-
dence of u;, on y,y what we really need is that y,, and I,
have canonical correlation coefficients strictly less than 1
and in order to extract the functional dependence of u,y on
Yi.N-1s Yan—1 What we really need is that y, y_, and
7,.n-1 have canonical correlation coefficients strictly less
than one. All these are guaranteed by the independence of
the x,,w,,v;,’s and the nonsingular covariance matrix of
each v, , but obviously we can relax these assumptions and
allow interdependencies among the x,,w,,v;’s and de-
mand only that what was stated as sufficient for stage N to
hold in the beginning of this remark should hold for all
stages. Under this relaxation, Theorem 1 still holds.

Remark 5: The validity of Assumption k is very dif-
ficult to check except if we are dealing with a scalar case
with small N. A special case where they hold is when
I(SK) 'Sk (S%) 'Sl <1(||-|| denotes the usual sup norm).
This again is not an easy condition to check for all k’s. It is
trivial to see that if this norm is strictly less than 1, then the
matrix (49) is nonsingular for any || <1 and thus Assump-
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tion k holds (recall that a canonical correlation coefficient
is always in [0, 1]). This is the condition under which the
results of [6] are proven (that (S*) ™! exists is easily verifia-
ble).

Remark 6: We mentioned in the Introduction an inter-
pretation of Assumption k. According to this interpre-
tation, the u’s represent the coupling of the information.
That the canonical correlation coefficients and their prod-
ucts admit such an interpretation is clear. If Assumption &
does not hold for some p, this means equivalently that
(p)"? is equal to some eigenvalue of the matrix
(SK)7'Sk(8%) ™ 'SX. This matrix can be interpreted as the
coupling of the costs to go at stage k, assuming that the
players use their optimum strategies at stages k, k +1,- - -,
N. Thus, we can interpret Assumption k as demanding that
at each stage the coupling of the optimal costs to go is not
inversely proportional to some even power of the coupling
of the information at this stage.

Remark 7: If we consider that Q,, = Q,,, R, =1, k="
0,1,---,N+1, then it is easy to see that Assumption k
holds for all k’s and for all p€[0,1]. This yields im-
mediately that the solution of the team problem with
one-step delay observation sharing pattern admits a unique
solution which has to be linear in the information; see [8].

Remark 8: If y,,=x,, i=1,2, n=0,1,---,N—1, then
Theorem 1 still holds if we assume that the x,, wy, w;," - -, Wy
are independent Gaussian random vectors with nonsingu-
lar covariance matrices (see Remark 4 above concerning’
the relaxation of the assumptions on the primitive random .
variables). Actually, in this case Assumption k simplifies
into asking that the matrix in (49) is nonsingular for u =1.
This result has been previously obtained by Basar in [5].

Remark 9: An obvious but useful extension of our re-
sults is to consider that at stage k player 1 knows the values
of uyq,- - *,u, 4, With some noise and player 2 knows the
values of ug," - -,u; ,_, with some noise. This amounts to
augmenting the state space into X, = (x,, X,,, X,,) Where
Xin=1u; ,_, and using '

5 . Cln 0 0]— [vln]
= + .
Yin [ o o 1™ ls,

By assuming that the ©,,’s are independent among them-
selves and of the x,, w,’s, v, ’s and that they have nonsin-
gular covariance matrices we are back to our original
formulation. Using augmentation of the state space we can
also consider cases where at stage k player 1 acquires
Cixj k—m + 0y, where m > 1. We thus see that several cases
where at each stage noisy versions of previous values of the
controls are communicated can be reformulated by ap-
propriate state-space augmentation into the form of the

problem studied here.
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