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Algorithms for a Class of Nondifferentiable Problems’

G. PAPAVASSILOPOULOS®

Communicated by D. G. Luenberger

Abstract. A nonlinear programming problem with nondifferen-
tiabilities is considered. The nondifferentiabilities are due to terms of
the form min(fi(x), . . ., f.(x)), which may enter nonlinearly in the cost
and the constraints. Necessary and sufficient conditions are developed.
Two algorithms for solving this problem are described, and their con-
vergence is studied. A duality framework for interpretation of the
algorithms is also developed.
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1. Introduction

The present paper deals with algorithms for finding the minimum of a
problem with nondifferentiable cost functional and constraints. All the
functions involved have domains and ranges in finite-dimensional Fuclidean
spaces.

Much research has been conducted in the area of nondifferentiable
optimization, and more remains to be done. As expected, almost all the
methods proposed until now tend to exploit the knowledge which is avail-
able for the differentiable case. Some of them use generalizations of notions
which exist for the differentiable case. The subgradient and e-subgradient
methods (Refs. 7, 14) use the notions of subgradient and e-subgradient of a
function at a point, which generalize the familiar notion of the derivative,
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and they treat nondifferentiable problems in a direct way. Some other
methods, like the one that we propose here, try to reduce the whole problem
to a differentiable one, treating it in an indirect way. Optimality conditions
have been derived by several authors (Refs. 9, 11, 12), and it has been shown
that convexity theory is particularly helpful in establishing such conditions.
In this context, Clarke’s work (Ref. 9) can be pointed out as a representative
one. Algorithmic procedures have also been proposed and analyzed (Refs.
4,5,7,13,17-19). Many of these methods are of limited applicability, due to
restrictive assumptions, such as convexity, or are applicable only to prob-
lems of a specific structure. Also, many of them, although theoretically
interesting and intellectually pleasing, are quite cumbersome and compli-
cated in practice. For this reason, the increasing demand for general-
purpose methods makes algorithms for nondifferentiable optimization a
topic of current interest.

The algorithms that we propose and analyze deal with problems of the
form

(NP) minimize g[x7 max{fll(x), L] 5f1m(x)}s cvey maX{fkl(x), e sfkm(x)}l
subject to A;{x, max{fi:(x), ..., fim()}, .. ., max{fri(x), ..., fum(x)}]1=0,
i=1,...,q

where the functions
f,’j:Rn")R, g:Rn+k“‘)R, hj:Rn+k_)R

are continuously differentiable. The nondifferentiability of g and A; with
respect to x is due to the presence of the terms

max{fi1(x), ..., fun (X)}, i=1,...,k

It is clear that quite a large number of cases of practical interest is covered by
Problem (NP). The algorithms are conceptually simple to understand and
practically easy to implement. They are related closely to the methods of
multipliers. For a fairly complete account of multiplier methods,” we suggest
two recent survey papers (Refs. 3 and 21). The basic idea on which our
algorithms operate was introduced in Refs. 4-5; and hence, we consider this
work as a continuation of Refs. 4-5.

For the sake of avoiding the use of complicated formulas and keeping
the exposition simple, we give the proofs only for a simplified version of
problem (NP). These proofs can be generalized easily for (NP). The results
and the algorithm for (NP) are given in Section 5.

? Also called augmented Lagrangian methods.
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We start, in Section 2, by stating the problem and developing necessary
and sufficient conditions for optimality. These conditions, besides being
of interest in their own right, are used in the sequel to establish certain
results. In Section 3, we develop a duality framework. In Section 4, we
introduce the algorithms, interpreting them as gradient methods (approxi-
mate steepest ascent and Newton’s method) for solving the dual problem,
and we prove convergence and convergence-rate results. In Section 5, we
state the results and the algorithms for Problem (NP) without proofs. At the
end, we have a conclusion section.

Abbreviations
w.r.t. with respect to
w.lo.g. without loss of generality
(NP) nondifferentiable problem
(NPS) simplified nondifferentiable problem
(DP) decomposed problem corresponding to (NP)
(DPS) decomposed problem corresponding to (NPS)
(AS) algorithm with steepest descent update
{AN) algorithm with Newton update
Notation
R" denotes the n-dimensional real Euclidean, space and its ele-

ments are considered to be column vectors;
denotes transposition of vector or matrix;
i1 for xe R" x| =v(xI+- - - +x2);
I for A, n X m real matrix, |A| =sup{JlAx|||x e R™, |x]|=1};
Six, €} for xe R" and €>0, S(x, ¢) denotes the open ball in R"
centred at x with radius €, i.e.,

Sx,e)={yeR"|lx-yl<e};
S(x, €) denotes the closure of $(x,¢)in R", i.e.,
Sx,e)={yeR"||x—y|=x};

cl,c? C' denotes the set of all continuously differentiable functions
from one Euclidean space to another, and C? denotes the set
of twice continuously differentiable functions.

Our definitions of local, strict local, global, strict global minimum of a
real-valued function are the standard ones, see Ref. 15.
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n

For a function f: R" > R, fe C*, we denote the gradient of f at x € R
by V£(x), and we consider it to be a column vector in R". If in addition f € C 2,
we denote the Hessian of f at x by V’f(x).

For a function

f:R">R",  fl)=(filx),....fulx)), feC,

we denote the n xm matrix [Vfi(x): -« : Vi.(x)] by Vf(x). Using this
notation, we have that, if

g(x) =f(h(x)),
where
f:R*>R™,  h:R">R" g=R">R", gfheC
then
Vg(x)=Vh{x)Vf(x).
If a function f: R""* >R isin C', xe R", z € R¥, we write
V.S ={8ffox1, ..., df/ox.), V.f=(3f/3z1,...,8ffdz1), Vif=4af/az.

If in addition fe C?, we write

O ffoxi9z, -+ 8°f/oxidzi

Vef= , n X k matrix,
Pf/ox,dzy -+ 8f/9xn02k

szf= (szf)’-

If A is an n X m matrix, then /'(A) and 2 (A) denote the null space and
the range of space of A, respectively, i.e.,

N(A)={x|xeR™ and Ax =0},
R(A)={x|xeR" and x = Aw for some we R™}.
We also write
A =(ay),

where a;; are the entries of A.
By {x*};=1, we denote the sequence x', x%, ... of elements of R".
If A and M are matrices, vectors, or scalars and A depends on M,

A=0M)
means that A is of order M i.e., for some K >0, § >0, it holds that
iAl/IM|=K, foralM#0, |M|=<3s.
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The symbol 0 is used to denote the zero of R, the zero vector of R" or a zero
matrix.

2. Problem Statement, Optimality Conditions

2.1. Problem Statement. The problem that we are concerned with is
the following:

(NP) minimize glx, y[f1(x)], . . ., v[fu(0)1L
subject to hlx, y[fi(x)], ..., v[a()]I=0, j=1,...,4
where the functions
fitR*">R™, i=1,...,k, g:R"™* >R, hi:R™™ >R,
i=1l,...,4
are in C". For the fi’s, we have
fi=(firs oo s Fam)'s i=1,...,k H
where
fi:R">R, fyeC', i=1,...,k j=1,...,q
The function y: R" » R™ is defined by
ylt]l=maxi{y, ..., .}, (2)
where
t={t;,..., tm)eR™

Our standing assumptions for Problem (NP) are that the optimum value g* is
finite and that f, g, h; are in C'. The function vy is not everywhere
differentiable, which is the cause of the nondifferentiable character of the
problem. We will refer to v defined in (2) as a kink.

Let us also introduce the simplified unconstrained version of (NP)

(NPS) minimize g[x, y[fi(x)], ..., v[fe ()]},
subjectto x e R”,
where the functions f;,
fi:R"->R, i=1,...,k, 3)
and g:R""* > R are in C', and where v:R = R is defined by
vl#]=max{0, ¢}, forall re R. (4)



46 JOTA: VOL. 34, NO. 1, MAY 1981

Our standing assumptions for Problem (NPS) are that the optimum value g*
is finite and that f;, g are in C''. We will refer to y defined in (4) as a simple
kink. We write

vi(x) =yl fi)]=max{fa(x), ..., fin(x)}, i=1,...,k (5)
for the kink y of problem (NP) and
vi(0)=y[filx)]=max{0, fix)}, i=1,...,k (6)

for the simple kink vy of Problem (NPS).
In the case of (NP), we say that the function fj; is active at x if

vi(x) = fy(x);
it is inactive at x if
¥i(x) > fy(x).
For x € R", we denote
L) ={lfyx)=v&),i=1,...,m}, i=1,...,k 7
In the case of (NPS), we say that the function f; is active at x if
filx)=0;
it is inactive at x if
filx)#0,

For x € R", we denote
Ix)={jlfix)=0,i=1,...,k}. (8)

Notice that, for given x, I (x) may be empty. Although we could consider as
definition of active function, for the (NPS) case, the same that we gave for
the (NP) case, we prefer to give the different but essentially equivalent
definition (7}, because it leads to simpler formulas.

We comment now on the formulation of Problem (NP). There is no loss
of generality in requiring that all the f;’s take values in R™, since a kink of
length less than m can be transformed to a kind of length . For example,

max{ty, b, t3} =maxity, tz, t3,t,— 10, t; —2}.
We also assume w.l.o.g. that the functions g, hy, ..., h; contain the same

kinks, since we may add zero multiples of any missing kinks to g, A1, . .., /.

2.2. Equivalences with Nonlinear Programming Problems. In Sec-
tions 2, 3, 4 we deal exclusively with Problem (NPS). Consequently, by f; and
v we mean those defined in (3) and (4), respectively, for (NPS).
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We now introduce a class of nonlinear programming problems which is
closely related to Problem (NPS). Let x* ¢ R”, I{x*)be asin (8), and let J be
any subset of i(x*), including the empty set. let

g(x)=glx, 8:(x; J), ..., &lx; )],

where
fi(x), 1ff,(x*)>07
o, if fi(x*) <0,
&0 =1, ifieI(x*)andiel,

f,-’(x), ifiel
Consider the problem
(DPS-I) minimize gy{x},
subject to fi(x) =0, ifiel,
fi(x3=0, ifiel(x*), izl
The following lemma shows the relationship between problems (NPS) and

(DPS-J). The proof is straightforward and is left to the reader.

Lemma 2.1. A vector x* € R" is a strict local minimum of (NPS) iff x*
is a strict local minimum of (DPS-J), for every J CI(x*). Also, g* = g;(x*),
for every J CI(x*).

We now proceed to obtain conditions for optimality for Problem (NPS)
by exploiting its relation with Problem (DPS-1).

2.3. First-Order and Second-Order Necessary Conditions for Opti-
mality. We first give a theorem which resembles the one given in Ref. 4 as
Proposition 3.2.

Theorem 2.1. Let x* be a local minimum of Problem (NPS). Then,
there exist scalars y¥, ..., y%, such that

k
V.g+ ¥ yiVgVfi=0,
i=1

%)
OSy;kSl, i=1,...,k
0, iffi(x*)<0,
* o
yi {1, if £:(x*)>0 . (10)

If in addition the vectors Vf,, for which V,g # 0 and f;(x*) =0, are linearly
independent, then the scalars y;* are unique. All the gradients are calculated
at x*,
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Proof. The proof is a direct application of Proposition 2.1 of Ref. 12.
First, we show that the generalized gradients of g at any point x where

filx)=0,...,f.(x)=0,
fn+1(x)>05 e 9fn+z\(x)>0;
fn+/\+l(x)<05 .. :fk(x)<0

is a subset of
n A
(V.+ £ 39+ 3 Vhop 0=p=1i=1,....n),
i=1 j=1

and then we use the necessary condition proved in Ref. 12 that, if x* is a local
minimum of (NPS), then the zero vector must belong to the generalized
subgradient of g at x*, |

Theorem 2.2. Let x* be a local minimum of Problem (NPS), at which

the gradients V/i(x™), i e I(x*), are linearly independent. Then, there are
real numbers y¥, ..., y¥, such that

k
V.g+ L yiVgVfi=0,
i=1

0=yf=1, i=1,...,k, (
yi=0, forall i I(x*),  fi(x*)<0, (12)

yE=1, foralligl(x*, fi(x*)>0,
Vig=0, VieI(x*). (13)

furthermore, y¥,..., yF are such that the scalars yV.g, i=1,...,k, are
unique. All the gradients are calculated at x*.

Proof. Assume w.lo.g. that every f; is active at x*. then, by Lemma
2.1, we have that x* is a local minimum of the following two problems:

minimize g[x, fi(x), ..., fu(x)], 14)
subject to f;(x) =0, i=1,...,k,

and
minimize g[x,0,...,0]},

(15)
subject to fi{x) =0, i=1,...,k
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Since the gradients of the contraints of these two problems are linearly
independent by hypothesis, we can write the corresponding first-order
necessary Kuhn-Tucker conditions

k k
v+ 21 Vig¥Vi— Y w.Vfi=0, (16)
i= i=1

&
Vig+ 2 AV =0, (17)
i=1

where w; A, i=1, ..., k, are nonnegative real numbers. Using the linear
independence of the Vf;’s, i=1,.. ., k, and using (16)—(17), we obtain

V,'g:;.ég%“/h', i——‘l,...,k, (18)

which implies (13). Since w; =0 and A; =0, (18) implies also that there is a
y¥ € R satisfying

OSyl*Sl, )\,-=y,*V,-g, uix(l—y?")Vig, l.:l,...,k_ (19)

It is also clear that, if V,g # 0, then y¥ is unique. O

It is evident that the linear independence of the gradients of the active
f7s at x* is equivalent to the regularity of x* for Problems (DPS-]), see Ref.
15. With this in mind, we give the following definition.

Definition 2.1. A point x* e R" is said to be a regular point of the £,’s,
i=1,..., k, if the gradients Vf;(x*), i € I(x*), are linearly independent.

By first-order necessary conditions, we mean the conditions of
Theorem 2.2 (i.e., under regularity, unless stated otherwise).

The next theorem gives second-order necessary conditions for opti-
mality of a point x*€ R" for Problem (NPS).

Theorem 2.3.  Assume that x* satisfies the hypothesis of Theorem 2.2
andthatg, fi,...,fre C*. Lety¥, ..., vy} be asin Theorem 2.2, and denote

[y¥ 0
Y*:f . . kxk matrix, (20)

!_0 vk
y¥=01 ..., yE)eR" 21
= ., f), (22)

i
B(®,y") = Vg + L yIVgV, + VY *V.ig + Vg YAV

TVY*V..gY*Vf. (23)
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Then,
wEXF vy w =0, for all w e R", such that w'Vf; =0,
forall ielI(x*). (24)

All derivatives are calculated at x*.

Proof. Assume w.l.o.g. that
Ix*={1,...,p},
for1(x®)>0, ..., f,(x*)>0,
fae1(x®) <0, ..., filx®)<0.
Let

Elx, y[f1(0] . .., ¥ fo(0)]]
= g{x: Y{fl(x))s vy Y{fp(xn’ fp+1(x)y v :fq(x), Oa ree s O} (25)

By Lemma 2.1, x*is a local minimum of the problem
minimize g[x, 0,...,0],
(26)
subject to f;{(x) =0, iel(x®).
By hypothesis, Vf, ieI(x*), are linearly independent; hence, there are
nonnegative real numbers Aq, ..., A, such that

Vié+ Y AV =0, 27)
i=1

P
w'[Vxxg”-F b Aivzfi}wz(}, forallwe R", w'Vf; =0,
i=1

iel(x*). (28)

By differentiation of £ in (26), we obtain

Vi=Vig+ ¥ VgVf, (29)

i=p+1

q
Vef =Vag+ Y {VugVfi+VfV,g+VigVf}
1

i=p+

+ Y VAL (30)

ij=p+1
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From (27), (29), (11), we obtain
L=yiVg,  iel(x®). (31

The desired result follows from (28), (30), (31). [
Notice that the contribution of szi, Vf,i=qg+1,...,k, tothe quantity
(23) is zero, since they are multiplied by y =0.
It should be pointed out, that although the Hessians of the Lagrangians
of Problems (DPS-J), calculated at x*, y*, are different, they induce the
same quadratic on the subspace

M={w|weR" wVfi=0,ieI(x*)}. (32}

2.4. Second-Order Sufficiency Conditions for Optimality. The
second-order sufficiency conditions can be proved similarly to the cor-
responding second-order necessary conditions.

Theorem 2.4. Assume thatg, fi,..., fr € C? and that

x*eR",  y*=(y¥ ..., y¥YeR"
satisfy
k
Vg+ ¥ y¥V.fi=0,
i=1

yE=1, if f;(x*)>0,
yi=0, itfilx*)<0,

O0<yf<1, ifiel(x®), (33)
Vig>0, ifiel(x*), (34)
wEx*, y*)w>0, forallweM, w#0. (35)

Then, x* is a strict local minimum of (NPS), All derivatives are calculated
at x*,

It is clear that the second-order sufficiency conditions correspond to
those given for the classical nonlinear programming problem under strict
complementarity. Slightly different second-order sufficiency conditions
would have resulted from assuming that

O=y,=1, i=1,...,k, Vig=0, iel(x®),
instead of (33)~(34), and by considering
M={w|wVf=0,icl(x*),y;V.g >0}
instead of / as in (32).
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Finally, note that, if x*, y* satisfy the second-order sufficiency condi-
tions, then the problem

minimize g(x, z1,. .., Zx),
subject to f;(x) = z;, i=1,...,k,
has a strict local minimum at (x*, y*), where
zf =y[filx®)],
with associated Kuhn-Tucker vector

w¥=1Vig ..., yEVg).

3. Duality

In this section, we develop a duality framework which will serve to
motivate and interpret the algorithms. Let us introduce the function
P.(-,yv):R->Rofy

P.(t,y) =inf{y[t — ul+yu +(c/2)u’*|u e R}, (36)

where y and ¢ are fixed real numbers and ¢ > 0. This function was originally
introduced and studied in Refs. 4-5 in a more general framework. It is real
valued, convex, and continuously differentiable in ¢ The infimum in (36) is
achieved at a unique point u* for every t € R; thus, we can use minimum,
instead of infimum, in (36). The function p.(-,y) (see Fig. 1) and its
derivative can be calculated explicitly (see Refs. 4-5):

t—(1—y)*/2¢, ift=(1-y)/c,

pelt, y) =4 —y*/2c, if t=—y/c, 37
yt+(c/2)e, if —y/c=t=(1-y)/c,
1, ift=(1-y)/c,
V.p:(t, y)=40, ift=-y/c, (38)
y +ct, if—y=st=s(l1-y)/c

By using (37), it is easily verified that, if y e ACR, bounded, then
Kic=pAt,y)—vy()=0, forallte R,y €A, (39

where K is a fixed scalar which depends on A.
Let us introduce the function F defined as

F(x, Y, C) = g[xa pc[fl(x)a )’1], vy pc[fk(x)a yk]]’ (40)
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Rity

Fig. 1. The functions p.{t, y} and ().

where

y=01..., ) eR"
The gradient of F w.r.t. x is

k
V.F(x,y,¢)=Y,.g+ Y 3,VgVf, (41)
i=1

where

1, iffi(x)=(1-y)/c,
yi=yi(x) =0, if fi(x)=-yi/c, 42)
vitcfilx), i-y/c=filx)=1-y)/c.

Theorem 3.1. Assume that x*eR" and y*e R", y*=(y¥,..., y¥)
satisfy the first-order necessary conditions (Theorem 2.2) for x* to be a local
minimum of Problem (NPS). Then, for all ¢ >0,

VE(x*, y*, ¢c)=0. (43)
Proof. The hypothesis and (12), (37) yield

pelfi(x™), yi 1= v[fi(x")]. (44)

The result now follows from (11) and (41). ]

Although F is continuously differentiable, it is not twice continuously
differentiable w.r.t. x, as (41) and (42) show. Nonetheless, we have the
following theorem.

Theorem 3.2. Letx™, y*beasin Theorem 3.1, and assume in addition
that they satisfy the second-order sufficiency conditions for x* to be a strict
local minimum of Problem (NPS). Then, there exists an €, = €;(¢) >0, such
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that, for all (x, y)e S((x*, y*), €1), the function F(x, y, ¢) is twice continu-
ously differentiable w.r.t. x. Also, there exist scalars ¢*=0 and ¢ >0, such
that, for all c e [c*, é] and (x, y) € S((x*, y*), €), the Hessian V. F(x, y, ¢) is
positive definite, where ¢ is an arbitrarily large fixed constant.

Proof. By hypothesis, (33) holds. The continuity of the f;’s together
with (33) and (42), guarantees that, for (x, y) sufficiently close to (x*, y*),

1, if f;(x*)>0,
5= v.(x) = if f;(x*) <0,
¥i=y:i(x)=<0, i f(x*) 5)
yi+cfi(x), if i(x*)=0,
0<y; «1, if fi(x*)=0.

Consequently, V.F(x,y,c¢) is differentiable w.ur.t. x for (x,y)e
S((x*, y*), €), for some €; = €;(c)>0. Similarly as in (45), we have

Vfilx), if fi(x*) >0,
prc (fi(x)’ }’:) = 0, 1ff,(x*)<0, (46)
i+ iV,  iHfilx®)=0.

Direct calculation yields

k -~ -~
VuF (X, y,¢)=Vug+ ¥ 7V gV, +VfYV, g +V, g Y Vf
i=1

+VfYV..gYVf+c Y VgViVS, 47
iel(x*)
where
Vi 0
Yy = . ,  kXxk matrix, (48)
0 Vi

and all the derivatives are calculated at the current point (x, y). Using (47)
and (23), we have

Vo (x*, y*,c)=Ex* y*)+c T VgVLiVfilunym. (49)

iel(x™)

By hypothesis, (34) holds. By Theorem 2.10 of Ref. 8, there exists c*=0,
such that, for all ¢ =c¥*, the matrix V. F{x*, y*, ¢) is positive definite. By
choosing €’ sufficiently small, we have that (48) and (49) hold for all
{(x, y)e S({x*, y*), €") and c €[c*, &]. The continuity of V. F(x*, y*, ¢) for
(x, y)e S((x*, y*, ¢}, €') guarantees that there exists an S((x*, y*), €) in
which V. F(x, y, ¢) is positive definite for all c €[c*, €. O
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The next theorem is the cornerstone of the duality framework that we
wish to establish. It is very similar to Proposition 1 of Ref. 1, and its proof is
the same if one uses the results and expressions of our problem, instead of
the ones used in Ref. 1.

Theorem 3.3. Let x*, y*, ¢* be as in Theorem 3.2. then, there exist
positive scalars €* and §* such that, for all y € S(y*, §*) and all c e [¢¥, &1,
the problem

minimize F{x, y, ¢},
, (50
subjectto x € S(x*, %),
has a unique solution x (y, ¢}. Furthermore, for every e with 0 <e = ¢*, there
exists a & with 0< 8 < 8*, such that

x(y, c)eS(x*%, €), forally e §(y*, 8), celc*, &l

The following corollary is an easy consequence of Theorem 3.3 (see
Corollary 1.1 in Ref. 1).

Corollary 3.1. Let M be such that
IF&) —FfOll=Mlx—yll, forallx,yeS8(x* %), (51)

and let €*, 6* be as in Theorem 3.3. Then, for every e with 0 <e < ¢*, there
exists a 6 with 0< 8 = 8%, such that

x(y,c)eSx* e),  J(xly, c))eSy*, 6 +iMe), (52)
for all
yeSy*, 8), celc* é]

where

-~

y:(}?ls“"}?k}"

Proof. The proof proceeds as the one of Corollary 1.1 of Ref. 1 if one
notes that, for €*, 6* sufficiently small, (45) holds for every c e[c*, &]. O

We are now ready to define the dual functional g.(y). The function
F(x, y, c) has a locally convex structure under the assumptions of Theorem
3.2, and thus the dual character of g.(y) will be local. The definition is given
under the assumption that the hypothesis of Theorems 3.2 and 3.3 holds. We
define

gc(y)=min F(x, y, ¢),
. (53)
subjectto x € §(x*, ),
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for all y € S(y*, *) and c € [c*, ¢], where the minimum over the open ball
S(x*, €*) is attained by Theorem 3.3. The results already obtained concern-
ing F(x, y, ¢) guarantee that €* and 8™ can be chosen so that g.(y) is twice
continuously differentiable in S(y*, 8*) for all c €[c*, é]; see Refs. 8, 15 for
the corresponding result for the classical nonlinear programming problem.
We assume that e* and §* have been so chosen.

We could have defined the dual functional in a different way. For fixed
¢ =c*, by using Theorem 3.2 and the implicit function theorem, we obtain
that the system of equations

V.F(x,y,¢)=0
has an implicit function solution x{y, ¢), which is a strict local minimum of
F(x,y,c). We could set
q.(y)=F(x(y, ¢), y, ).

However, the domain of definition of g, will then depend on ¢. On the other
hand, in (53) the domain of definition of q. is the same for all ¢ € [¢ ¥, &]. This
is better suited to our purposes, since we intend to vary ¢ in our algorithms.
The restriction ¢ < ¢ does not lead to a great loss of generality especially for
practical purposes.

We will now calculate Vg.(y) and V’q.(y). From Theorem 3.3 and (53),
we have

qc(y) =F(x(y, ¢), y, ¢),

from which
Vac(y)=Vyx(y, OVF(x(y, ¢), y, c) +V,F (x(y, ¢), y, ¢). (54)
Theorem 3.3 yields
V.F(x(y, )y, c)=0, (55)
and thus
Vac(y) =V, F(x(y, ), y, ).

Calculating V,F(x(y, ¢), y, ¢), we obtain

Vig . 0
Vg.(y)=(1/c) " (F(x(y, ) =y), (56)
0 Vig
which can also be written as
Vlgvnpl
Vg.(y)= : =GV,p, (57)

VgV y.Di
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where

(I-yiYe, ifilx(y,c))=(1~y)/c,
Vepi =S filx(y,¢)), if—~y/e=filxy,c)=(1-y)/c, (58)
~yi/c, if fi(x(y, c))=-y/c.

Let us assume that €* and §* have been chosen sufficiently small, so
that, foralli=1,..., k and all ye $(y*, 6%) and c €[c*, 7],

fix(y, eN>1~y)/e, iffilx*)>0,
filx(y, e))<-yilc, if fi(x*) <0,
—yife<filx(y,eD<{A—-y)/e, ifiel(x*),

and thus (45) holds. Consequently, V’q.(y) exists for all y < S(y*, %),
celc*, ¢}, if €* and 8* are sufficiently small. Let

I(x*)={1,...,p},
fi(x*)>0, fori=p+1,...,q,
fi(x*<0, fori=q+1,...,k
Differentiating (56) w.r.t. y, we get
Vg (y) = Vyx(y, HV g (/)Y = )+ VY V..g(1/ )Y - Y) +VfG}
+(1/e)Y = YIV..g(1/c )Y - V) +(1/c) (G~ G), (59)
where Y = f(x(y, <)),

G= " , k X k matrix, (60)

Qe
il

, k % k matrix, {61)

i 0
and all the quantities are calculated at (x(y, ¢), y). Differentiating (55) w.r.t.
y (total derivative), we obtain

Vyx(ya C) = ‘Vny[vxxF]—‘}’ (62)
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since by Theorem 3.2 [V F 1 exists. By direct calculation, we also have
VyuF = (/)XY = Y)Voug + GVF +(1/c)(Y - Y)V..gYVf.  (63)
Let
L=[V FI"
Substituting (63) in (62) and (62) in (59}, we have finally
V24.(y) = ~GVfLVfG —(1/c)(G - G)
+(1/e)Y = YHV..8 ~VoxgLVsog — V.8 YVFLVFYV..¢
—V.gLVfYV..g +V..YVFLV,.g}1/c) Y - Y)
~(1/e)N¥ — YHV..0LVf +V..g YVFLVfIG

~G{Vf'LV g +VF LYYV g} 1/c XY - Y). (64)
Using (45), we can write
AR |
folx) 0
i (1-ype1)/c
(1/e(Y -Y)= (65)
(1 - Yq)/c
0 _}’q+1/C
L ;yk/c_ x=x{y,c}

So, for x and y sufficiently close to x* and y*, respectively, (64) takes the
form

V2q.(y) = —GVFLVfG—(1/e NG —G)+O(ly — y*I). (66)

An immediate consequence of (66) is that g.(y) has a locally concave
structure around y*, on the subspace

V= R(GVSf|).

The characterization of q.(y) as a dual functional of F(x, y, ¢) under the
assumptions stated is now justified. Since, for x near x*, only the active fi’s
are of importance, we can consider that all the f;’s are active, or equivalently
restrict our attention on M*, where g, (y) is strictly concave. The point y* is a
strict local maximum of q.(y) on M, and

q:.(y*)=F(x{y* ¢), y* ¢),
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since

x(y* ¢)=x*

Therefore, we define the problem
maximize g.(y),

(67)
subjecttoy e V*,
to be the locally-dual problem of the problem
minimize F(x, y, ¢),

(68)

subjecttox e R",

In the next section, we introduce the algorithms for solving Problem
(NPS), interpreting them as gradient methods for solving the dual problem.

4. Algorithms, Convergence Results

4.1. Algorithms. In this section, we describe two algorithms, denoted
as Algorithms (AS) and (AN). Algorithm (AS) was originally introduced in
Ref. 4 for Problem (NPS) and extended further in Ref. 5. In the next section,
we will extend Algorithm (AS) for Problem (NP). Algorithm (AN) is
introduced here for the first time. The description of Algorithm (AN) for
(NPS) is given in this section, and for (NP) in the next section. They both take
the following general (and imprecise) form.

Step 0. Choose a vector y=y°=(y%,..., yi)’eR" and a scalar ¢ =
c®>0.

Step 1. Find a perhaps local minimum x* = x(y*, ¢’) of the problem

minimize F(x, y°, ¢*),
(69)
subjecttox e R".

3

Step 2. Update y* and ¢’ in a certain way and get y*™', ¢**", with

¢**'=c’ Set s=s5+1, and go to Step 1.

The cost function of Problem (69) is differentiable w.r.t. x ; thus, any of
the known suitable techniques can be used. The difference between
Algorithms (AS) and (AN) lies in Step 2. Before completing the description
of Algorithms (AS) and (AN), we make this remark. If any update for y’ is
used in Step 3, with y* € A for every s =0, 1,..., where A is a bounded
subset of R*, we have that Problem (69) is an approximate version of
Problem (NPS) and corresponds to an iteration of the penalty method for the
classical nonlinear programming problem. So, one can expect some kind of
convergence of {x*}(_; to an optimum of (NPS), under certain assumptions.
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By updating y in an intelligent way, our algorithm will enjoy the advantages
of the multiplier methods over the penalty method.
The update that Algorithm (AS) uses is the following.

Step 2. Algorithm (AS):

1, if (1-y})/c’ =fi(x*),
yitt=Syi+cfix®),  if-yi/ct=fi(x)=(1-yD/c,  (70)
0’ iffi(xs)ﬁ—y:.—/cs,

which is a steepest ascent-type iteration for solving the dual problem.
The update that Algorithm (AN) uses is the following.

Step 2. Algorithm (AN):

y =y ~[HT'G*V,p, (71)
where V,p is given in (58),
H* =—-G*VfLVfG*— (1/e)(G* ~ G*)| e y5.05 (72)

G*=(a}), G*=(b}), kxk diagonal matrices,

* { Vig, if V,g # 0,
. 1, if Vig = 0,

Vg,  if-y/e<filx)<(1-y;)/cand Vg #0,
bk =<1, if —yi/c<filx)<(1—y)/candVig=0,
0, otherwise,

and everything is calculated at x°, y°, ¢’. If H® as given in (72) is not
invertable, set H°® = I. This iteration is a quasi-Newton iteration for solving
the dual problem. We call it quasi-Newton iteration, because H’ cor-
responds to an appropriate invertible approximation of the Hessian. If the
assumptions of Theorem 3.3 hold and

Ix*)={1,2,...,p}h

then for x, y sufficiently close to x*, y*, respectively, the iteration (71)
becomes

yitt=1, i (—y)/c sfilx), ig I(x¥),
s+1 .
y2 =0, iffix’y=-yi/c’,igI(x*),
s+1 s -1 s (73)
Vi Vi Vig 0 f1(x®)
M I R T AN
s.+1 .s : : 5 ’
Yo Y1 0 V.8 folx?)

where A is the upper left p X p minor of VfLVf.
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4.2. Convergence Results. Here, we deal with convergence results
for the algorithms. Theorem 4.1 is similar to Proposition 2 of Ref. 1. The
functions f and g are assumed to be in C? throughout this section.

Theorem 4.1. Assume that the hypothesis of Theorem 3.3 holds. Let

Ix*={L,...,p}
Assume that the p X p matrix D{x, y) defined as

D X, ! 0 ~ " - '
Do=[—£0-z):‘ ?}} =—GVf[E(x, y)]'V/, (74)
i
where
7 [Loxo_ 9] i
1_[ 5 o) k X k matrix,

is defined and invertible in aset S(x*, €) X S(y*, § + éMe), where € and & are
positive scalars, such that

x(y,c)eSx* e), Fx(y,c)eSy* 6+iMe),

for all y e S(y*, 8) and all ¢ €[c*, ¢], in accordance with Theorem 3.3 and
Corollary 2.1, and €*, §* are assumed to be sufficiently small, so that (45)
holds. Assume also that Algorithm (AS) yields a sequence {(x°, y*)}iz;
converging to (x*, y*) and that, after some index §, the (x°, y*) are contained
in S(x*, €)X 8(y*, 8). Then, we have

byt =y¥l=nly =y forals=s, 79
where
re= r;k +2K (6 +iMe),
* _ — 5 . '=
s = (X.y)eg(x*,glféy*ﬁ%-EMe) |1/{1 c e;[D(Xa Y)]}L z 1’ crre k. (76)

K is some constant with K =0, and ¢;[D(x, y)] denotes the ith eigenvalue of
Dix, y).

Proof. Since, for € and & sufficiently small, (45) holds, the y,’s for
which /€I (x*) will converge in a finite number of iterations. So w.L.o.g. we
assume that all the f;’s are active at x*. Then,

D(xy Y) = —GVf’[E(X, }’)]Mlvf,
and

Fle(y’ N =7 )=y =y +°f(x°).
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We have
Iy = y¥ =Ny —y*+cF G’ eI

Since

x(y*, ¢ )=x%  fx*)=0,
we have

Iy =¥l =Ny’ = y*+ (v, N = (y*, Y]
1
=ly' =yt | Ut e -y di
1

=1 eVt e -yl )

where

y=y*+1ly’=y¥, O=r=1
Using (62) and (63), we obtain

T+ Vo flx(y, ) =T = c*GVFLVf—(Y ~ Y)[V..g +V..g YVFILV/,
(78)

where
L=[BE+VGVFT,

and all the quantities are calculated at x(y, ¢®), y. A well-known matrix
identity implies that

I—c*GVF[E+ VGV T V= [I+c*GVFEV L (79)
Notice that, since all f;’s are active at x* and the second-order sufficiency

conditions hold, the matrix G will have positive entries for € and &
sufficiently small. Equations (77}, (78), (79) yield

I+ f(x(y, ) =[T-c*DT ' —(Y - Y)F, (80)
where
F=F(x(y,¢*),y)=[V,.g+V,.gYVfILVf.

Since F-»F, F a constant matrix and Yy~ Y >0, as s~ +00, the result
follows. [
We now obtain the following local convergence result (see also Corol-

lary 2 in Ref. 1).
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Corollary 4.1.  Assume that the hypothesis of Theorem 3.3 holds and
that the matrix D(x, y) and ¢, 8 are as in Theorem 4.1. Assume also that ¢
and & are sufficiently small and ¢’ is sufficiently large, so that, for some
constant wu,

¢’ z=u>max{0,2/e;[D(x, v)T}, forall s >0,

for all eigenvalues e,[D(x, y)] of D(x, A) over S(x*, €)X §(y*, 8 + éMe) and
that yo € S(y, ), where § is sufficiently small, so as to have § + éMe < 8, for e
sufficiently small. Then, the sequence {y°};=; generated by the iteration (70)
remains in S(y*, §) and converges to y* for € and § sufficiently small.

Proof. The proof goes as the proof of Corollary 2.1 in Ref, 1, Notice
that, if

Ix*y={1,...,p}
and y*# 0 or 1, for some 7 € I(x*), then yi=0or1if
fx*)<0 or Fx®>1,

respectively, and y' € S(y*, 8). So, we can assume w.L.o.g. that y°e S(y*, §)
and y?=0or 1if

fix®)<0  or  fi(x*)>0,

respectively, and forget about 5.
We first prove that, for some constant p® with 0 <p* <1, it holds that

rE=p*<i, for s =0.

By taking € and & sufficiently small, we make the quantity 2K (6 + &Me)
arbitrarily small, so that, for some constant p and for all s = 0,

O=sr,=p<l. O

The next theorem is similar to Proposition 1 of Ref. 2.

Theorem4.2. Assume that x*, y* satisfy the first-order necessary and
the second-order sufficiency conditions for x* to be a strict local minimum of
(NPS) and that, in a neighbourhood S(x*, €) of x*, f1,..., fi are twice
continuously differentiable and V’f,, ..., V’f, are Lipschitz continuous.
Assume also that, in a neighbourhood S{(x*, 2%}, €) of {x*, z¥*), where

%= (yi(x®), ..., mx®) e R,

g is twice continuously differentiable and Vg is Lipschitz continuous. Let B
be any bounded subset of R, Then, there exists a scalar ¢* =0 depending on
B, such that, for every ¢>c¢* and ye B, Problem (68) has a unique
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minimizing point x(y, ¢) with respect to x within some open ball centered at
x*. Furthermore, for some scalar N =0, we have

Ix(y, ¢)—x*|=Nlly —y*|/c, forallc>c*andyeB, (81)

¥ —y*|=Nlly = y*|i/c, forallc>c*and y e B, (82)

where the vector

¥=§(x(,c)eR"
has components y;(x(y, ¢}) as in (45).

Proof. The proof is similar to the proof of Proposition 1 in Ref. 2. For
x € S(x*, €) and any fixed y € B, ¢ >0, we consider the auxiliary variables

-y TR _|P
p=ExX—x, q )’(x) ,V*, § [q]’
where j(x) is as in (45). Using (39) and the fact that f; e C' for ||p|| < e, we
obtain
lpe(fi(x), yi) = 28| = pe(filx), y) — v LN + [y (i) — v (i ()]
=Ko/c +|fi(x)~ fi(x*) = Ko/c + Lipl, (83)

where Ky, L; =0 are constants which depend on B and ¢, respectively. The
relation (83) holds for ||pf| <e. From (83), we obtain that, for |jpl|<e; and
¢ > ¢, for some appropriately chosen €;, ¢ with 0<e;<e¢, =0, we will be
working in the domain where the differentiability and Lipschitz assumptions
hold. In the rest of the proof, we assume that

Ipll < e, and c=é.
We consider now
q=yx)-y*
If i I(x*), then, for ||p| sufficiently small and ¢ sufficiently large, it holds that

q: = 0 for every y € B. Consequently, we consider ¢; and ¢ sufficiently small
and large, respectively, and thus we assume w.l.0.g. that

Ix*)={1,...,k}.

If x is a local minimum of F(x, y, ¢), it will hold that

k
ViF(x,y,c)= (ng + L (x)V,-gii) Ly = 0.
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It also holds that
k
(ng + % y;kvfg'fi) Ex*,y*,c =0.
Fa=

Since, for ||p|| > 0, we have that
ngix,y.c - vxgl)c*,y*.c; vfgix,y,c i Vt‘gixi‘,y*,a Vfl (x)~ Vfr {x*)s

we can prove, by using Proposition 1.2 and the lemma used there of Ref. 23,
that

f(x}fx,y,c“’y*, 4as I{p{{»().

It is clear that y(x)-> y*, as ||p||- 0, uniformly in ¢, i.e., for all ¢ = ¢,. If we
vary ¢, say ¢ >0, then we facilitate the convergence of 7(x) to y*. We
conclude that, for e; sufficiently small, ¢ will be given by
q=y+cflx)—y%,
from which
Via*p—q/c=(y*=y)/c—rsp), (84)
where
fO)=Ff&x®+Vx*)p +rs(p),
rs{(0) =0, (85)
IVrs(p)l = Kslpll, (86)

and K5=0 is a constant depending on e,
For every y € B, there holds that

ng{x,y,c = ngix*,y*,or:'+~ (Vxxg "vazgy*vf’nx*,y*,cp +ry (S}- (87}
Here, Z |, means that A is calculated at x, y, . For example,

ng'x,y,czvxg l oy = Viglx, pe(fi(x), y1), ..., pe(fi(x), yi)l

We will also denote in this proof A |, ,+. by A*; and we will denote A |

by A. m
71(0) = 0. (88)

Using the Lipschitz assumption, we can show that
Vri(s)ll =Kl (89)

where K is constant which depends on € and B.
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Similarly, we have, fori=1,... k%,

Vig l Ly Vzg } x*,y%,c + (Vixg + V:zgY*Vf))l x*,y*,cf + r% (5)9 (90)

r3(0)=0, (91)

IVra ()= Kallsll, 92)

Vfi(x) = Vii(x*) + Vfi(x*)p + 73 (p), (93)
r3{0)=0, {94)

Ivrs ()l = Ksdipll, (95)

where K»;, K3; =0 are constants which depend on B and e,
We consider now F{x, y, ¢). Using (44) and (87)—(95), we obtain

k
VF(sy,c)=Vg| + 1 filo)Vig

X 0e

Vfi(x)

x> ¥y
k
=V, g +Vugp + Vg Y*Vfp+rn+ ¥ (q+y)Vig+Vigp
i=1
+VLgY*Vfp+ [V +Vfp +ri];

all derivatives in the last expression are calculated at x*, y*, ¢; equivalently,

V.F(x,y,c)=Zx* y*)p +VIGq +ra(s), (96)

where
r4(0)=0, 97
Vra(s)ll = Kasl); (98)

here, K4, =0 is a constant depending on B and €.
Combining now (96), (97), (98), (84)-(86), we have that, in order for a
point x € S{x*, ;) to satisfy

V.F(x,y,¢)=0,

it is necessary and sufficient that the corresponding point s satisfies the
equation

Bs=a+r(s), (99)

where

B A S PR M e
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and I is the & X k identity matrix. Concerning r(s), we have
r0)=0, [Vrll=Klsl, (101)

where K =0 is a constant depending on B and e.
If E is not positive definite, we consider the problem

minimize glx, y[fi(x)], . . ., Y[fe )]+ (/DI I (102)

It is easy to prove that x*, y* satisfy the first-order necessary and second-
order sufficiency conditions for Problem (NP) iff they satisfy the first-order
necessary and second-order sufficiency conditions for the Problem (102),
assuming in both cases that

Ix®=1{,...,k}

To (102) corresponds a &, which equals Z(x*, y*)+ cVF(x*)Vf(x*), and is
positive definite for ¢ sufficiently large (see Theorem 2.10 in Ref. 8). The
proof now follows exactly as the one of Proposition 1 in Ref. 2, by using the
following two lemmas. O

Lemma 4.1 is 2 modified version of Lemma 1 of Ref. 20 and can be
proved by trivial modification of this lemma. Lemma 4.2 extends Lemma 2
of Ref. 20 and can be proved again by a trivial modification of the proof in
Ref. 20.

Lemma 4.1. Consider the (n + k) X (n + k) matrix

= SG
B ‘[5’ ~I/c]’

where Z is an n X n positive-definite matrix, § is an # X k& matrix, with rank
M =k, G is a k X k positive-definite, symmetric matrix, and 7 is the k X%
identity matrix. Then, B is invertible for every ¢ >0 and B~ is uniformly
bounded for all ¢ >0; i.e., for some ¢; >0 and all ¢ >0,

HBMl”ﬁCL

Lemmad4.2. Let E beaHilbertspace. Let B be a linear operator from
E into F possessing an inverse and

B =c1.

Let r(s) be an operator from FE into E, such that
r0)=0 and  |Vr(s)|=K]sl,



68 JOTA: VOL. 34, NO. 1, MAY 1981

where K =0 is a constant. Then, there exists a ¢* =0, such that, for all
c>c* and |al|l=1/8¢iK,
the equation
Bs=a+r(s)
has in the sphere
s <4ecifal
a unique solution s*, where
Is*ll= (c1/2)]all.
We now consider Algorithm (AN), where the update (71) is employed.

Theorem 4.3.  Assume that the hypothesis of Theorem 3.3 holds and
that, for some scalars € >0, R >0, we have

V?q:(y)~V?q.(2)I=Rly—z],  forally, z e S(y*,e),
forallc e[c*, c].

Then, there exists a scalar e’ >0, such that, if |y°~ y*||<¢’, then y* - y* and
{lly* = y*[[}=1 converges to zero quadratically.

Proof. For ¢’ sufficiently small, y will be updated by (73). So, we
assume w.lL.o.g. that

Ix*)={1,...,khL
Then, (73) can be written as

y =y =D Vg (y"),
where

D =~GVfLVfG|,s s
[recall (57)]. Since

VZq-D=0(y* —y*), Vq-(y*) =0,
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by using Taylor’s expansion we have
" =y "l =ly* =D Vg ) =y = ID ' [D(y* ~ y*) ~ Vg (y*)]]
=D [D(y* —y*) = Vg (y")(y* — y*) —J' Ve (y +1(y* =)
=Vqe (YN = y*) de| <D HID - V2qe (yO)llly* - v¥|
+R/Dly* = y* =V (r*) + Oy’ = y* P}
{0y~ y* ")+ ®R/2ly" -y Py=R|y* ~ ¥,

where R is a constant depending on R and €. 0
The following theorem is a rate of convergence result.

Theorem 4.4. Assume that the hypothesis of theorem 3.3 holds and
that Algorithm (AN) generates the sequences {y*}:2o and {x*}", which
converge to y* and x*, respectively. Then, we have

lim[lly ™"~ y*|/lly* - y*[]=0,
and hence the sequence {lly° ~ y*{[};Zo converges to zero superlinearly.

Proof. The proof is a direct application of Proposition 1.14 of Ref. 23,
Notice that the hypothesis of Theorems 4.3 and 4.4 are different. E]

5. Results and Algorithms for Problem (NP)

The results that we have proved until now concern Problem (NPS). In
this section, we state without proofs several results for Problem (NP}, which
correspond to results already proved for Problem (NPS). We also give the
algorithms for this problem. We use the same sequence of theorems,
lemmas, and corollaries concerning (NP) as that used for (NPS). The
symbols fy;, s v, & ki, I (x ) now denote the functions and the sets of active fi’s
at x for (NP).

Let x*e R",

J(x®)=Ii{(x*) %+ - XL (x*),
tx([.,l,l, caes /'Lk)e-](x*)s
gt(x) zg[xa flu;(x): .. :fkuk(x)]a

hjt(x) = hj[x, flul(x)y e ’fkuk(x)]a j= 15 s s
Consider the problem

(DP-t) minimize g,(x),
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subject to Ay, (x) =+« = he(x) =0,
fii(x)sﬁ'ui(x), i=L...omj#Fu,i=1... k.

Lemma 5.1. A vector x*e R" is a strict local minimum of Problem
(NP) iff x* is a strict local minimum of Problem (DP-t), for every t€J(x*).
Also, g* = g.(x*) for every te J(x™).

The following notation refers to Theorem 2.2 given below. All
gradients are evaluated at the point x*.

Vf.=[Vf; E---EV,-m], i=1,...,k, n X m matrices,
~f [fx' . 1 (103)
Vi =V V], 1=p;=m, i=1,...,k, n X m matrices,
VF=[Vfi: -V, n x (k - m) matrix,
VF=[Vfi: VA n X (py+- -+ pe) matrix,
. . (104)
Veh=[Vihy oo Vihg],  nXq matrix,
3h=[V.hy -t VA, k X g matrix,
1 ]
.
b1
_1:
0
0 0
|05
Yo= , {k - m) X k matrix, (105)
f__-l_
|
: TP
]
-1
0 i
b
f
| |
L
; pr 0
-4
y.’o:: - I (p1+'--+pk)xk matrix, (106)
1 —1
[
0 P Pk
! -1




JOTA: VOL. 34, NO. 1, MAY 1981 71

V.h | Vf
Az[‘x‘“'—-}, + :
V.h Y (n+k)x(q +km) matrix, 107)
: _[Vh §?f] .
—[Vzk § Y{) s (n +k)><(q +pyte ‘”*’pk)matrxx. (108)

Theorem 5.1. Let x* be a local minimum of Problem (NP). Assume
for convenience that

Ii(x*):{ly-"rpi}: i:]~v"'1ka

where p;, i = 1,.. ., k, are integers satisfying 1< p; < k; and assume that A
has full rank g+ p,+- * - +p. Then, there are real numbers
vE, i=1,...,kj=1,...,m,

AT, ..., A¥ such that

1

q a | m
Vig+ 3 AFVah+(Vag+ £ arvi)( £ v1v)
i= i= i=

q § i
oo (Vg T ARV £ y597) =0, (109)
1= =

0=yf=1, foralli=1,...,kforallj=1,...,m,
yi? ={, fjeL{x¥),foralli=1,...,k, (110)

Y yi=1, foralli=1,...,k

[,
]
-

Also, forevery i =1,..., k, for which p; =2,

9
P

7

Finally, the scalars
q 0
AR A% (V,-g+ 5 /\?‘Vih,-)y?,‘-, i=1,.. .,k j=1,...,m,
i=1
are unique. All the gradients are evaluated at x*.

An alternative formulation of the conclusions of Theorem 5.2 is that
there is a unique (g + km)-vector

A :
y :(Als"*’)tqyylly"'aylmy"~7yk19"-sykm)s
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such that
A
Vg +A[ ] =0,
y

v =0, foralli=1,...,kj=1,...,mifp =2,
yi=0, ifjeL(x%),i=1,..., k.

Notice that

and

q
yii:(vig+ZAivihj>y;‘;, i=1,...,kj=1,..., m.
=1

I

Definition 5.1. A point x* € R" is said to be a regular point of the f;’s,

i=1,...,k j=1,...,m, if the matrix A has full rank g+p;+- -

We assume w.l.0.g. that

Lx®={1,...,p}, i=1,...,k
Let

q
x, z2)=g(x, 2)+ ¥ AFh(x, 2), xeR", zeRF,
i=1

\ -
FY}‘H:
- 0
|
)”1k |
yr=r--7 . . (k-m)xk matrix.
R
ly?:1
' .
0 i
i LY

The conditions (109) and (111) can be written as
V. II+VfY*V,. 11
Vil =0, i=1,...,k ifp; =2,

(x*,z%) ™ 0’

where

2¥=(y1(x®), ..., m(x™).

*+ Pk.

(112)

(113)

(114)
(115)
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Theorem 5.2. Assume that x* satisfies the hypothesis of Theorem 5.1
and that g, f1,...,fe H1,..., kg€ C”. Let y%, AT be as in Theorem 5.1.
Then, the matrix

r:{vxxmz!;l VAL vV | sz“] (116)

is positive semidefinite on A (fi’). All gradients are evaluated at {x*, z*),

Theorem 5.3, Assume that g, f1,..., f, A1,..., By € C? and that
x*eR" yE i=1,...,kj=1,...,m AT,..., A} satisfy

q q m
ng+ ‘Zl )\;"Vxh, +(V1g+ .Zl A;'cvlh])(zl yikivflj>
j= j= i=
g

e ‘+(ng+ Z f\?(vkkf)(zl )’fjvfk;) =0,
P

i=1
yi=0, ifjgL(x®,i=1,...,k,
yESO,  ifjenx™,i=1,...,k

yE=1, foralli=1,...,%

SE

j=1

q
ViTT:Vig"*‘Z Af‘V,h,>O, ifngZ,i=1,,..,k.
j=1

Py

I'is positive definite on /'(A'). Then, x* is a strict local minimum of Problem
(NP). All gradients are evaluated at (x*, z¥%).
We introduce the function p.(-, A): R™ - R (see Ref. 5),
pe(t, ) =infimum{y[t—ul+A'u+(c/DulP|u e R™}, (117)
where A € R™, ¢ >0 are fixed. We have (see Ref. 5)
pelt, y)=(1/2¢) T {[max{0, yi+c(ti =it y, NP = yit+ it y, 0),
(118)

where

w=ut y, c)
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is a scalar determined uniquely, for given ¢, y, ¢, by
Y max[0, yi+c(t—u(t, y, c)l=1, (119)
i=1

max{0, y;+c(f—u)]

Vot y)= (120)

max{0, v, +c(tm —u)]

The function p (-, y) is real valued and convex, and a relation similar to (39)
holds for A € AC R, A bounded. Let

F(x, Y Aa C) = g[x) pC[fl(x)’ yl]s D pc[fk(x)’ yk]]

+ é‘i Aihilx, pelfilx), yib, - - -, pelfi(x), vl

+He/2) 3 (bl L) yad ol D, (120
where
y=0h...,yi)eR*",  y,.eR™ i=1,...,k
A=Ay, ..., 4, eR
We have
V.F(x, v, A, ¢) = Vg +,-i1 XYk

s

Gvm) £ A (122)

1

k
+ X {(V,g%—
i=1 i i
ii]'(x) =max[05 yij+c(ﬁj(x)—ui(ﬂ(x)v Vi C))]9 i= 1: vees k’
i=1,...,m, (123)
):j(x)=/\j+chj, j=1,...,q,

and y; satisfies, fori=1,...,k,
_Zl max[0, y; + ¢ (fii(x) — wi(fi(x), y» c))] = 1. (124)
iz

Theorem5.4. Assumethatx*eR"andyf,i=1,...,kj=1,...,m,
AT, ..., A¥ satisfy the hypothesis of Theorem 1.2. Then, for all ¢ >0,

V.F(x* y*, A% ¢)=0. (125)
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Theorem 5.5. Let x*, yf, AT,..., AY be as in Theorem 5.1, and
assume in addition that they satisfy the hypothesis of Theorem 5.3. Then,
there exists an e; = €;(c) >0, such that, for all (x, y, A) € S((x*, y*, A %), 1),
the function F{x, v, A, ¢} is twice continuously differentiable w.r.t. x. Also,
there exists scalars ¢*=0 and >0, such that, for all cec*, &] and
(x, y, A) e S((x*, y*, 1®), €), the Hession V,,F(x, y, A, ¢) is positive definite,
where ¢ is an arbitrarily large fixed constant.

We have

- k
VaF (X, y, A, €)=V, 11+ ¥

=1

VALY 5V + VPV I+ 9, Y'VF
j=1

VYV IV + TGV

H(V b+ VYV, ) (VR Y'VF £V, 00}, (126)
where
fi(x, z) = g(x, 2) + il Ahy(x, 2), (127)
=
[ ]
D 0
Fim |
Y =p-~- s km X k matrix, (128)
it |
0 Lo
L { Vi |
RA1ERN ]
\ 0
o
6= I (129)
vkﬁ\p"\
0 .
i V.11

G contains only those V.11 for which pi=2; and V=7f is like V£ in (104), but
contains only those Vf;’s for which p;=2. All the quantities are assumed at x,
v, A, cand z =(z4, ..., zx), with

zi = pC[fi(x)a yi]'
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Theorem 5.6. Letx*, yi, AT,..., A c*beasin Theorem 5.5. Then,
there exist positive scalars e* and 8* such that, for all (y, \)e S((y*, A*), §)
and all ¢ €[c¥, ¢, the problem

minimize F(x, y, A, ¢),

subjectto x € S(x*, €*),

has a unique solution x(y, A, ¢). Furthermore, for every € with 0 <e =¢€*,
there exists a 8 with 0< 8 = 8%, such that

x(y, A, c)eS(x*,¢e), forall(y,A)eS{y*, 1%),8),celc* ¢l

Corollary 5.1. Let M be such that
lh(y)=r(=Mly—~y'l,  forally,y'eS(y*, e*),
Ifi(x) — fi(x )| = M||x — x|, i=1,...,k, forallx,x'eS(x* %),

where ye R and h=(hy, ..., h,)'’; and let €*, 6* be as in Theorem 5.6.
Then, for every € with 0 <e < e*, there exists a § with 0 <8 = §%, such that

x(y, A, c)e S(x*, €*),
(Fx(y, A, ) A(x(y, A, ©)) € S(((y*, 1%), 6 + M),

for all
(y, M eSW(y*,A%),8), celc* ¢l

Under the assumption that the hypotheses of Theorems 5.5 and 5.6
hold, we define the dual functional g.(y, A) by

q:.(y,A)=min F(x, y, A, ¢),

130
subjectto x € S(x*, €*), (130)
for all
(y, V) eS((y*, A%), 8%),  celc*, ]
We have
va.in N=0/06] L] -[V] =695 (131)
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where
; -
}
i
[0
i
G= | : (132)
|
i
]
i
e
: Iixq By
(km +q) x (km + g) matrix,
and
y (y=yl)lc
vo=wo{[ 1=} =" ] |
p=(1/c) h A hx) (133)
Also,
®
vzqc(y,,\)=—GA'LAG~(1/C)PG+o{um—~B*] } (134)
where . 3
A=[VF* -V a+VFYV,h], n X (km + q) matrix,
V=V —-VfP,,
_1/p1_..1/.p1: : Y -
: L0 ep 0
t/py- - 1/p1 ) !
_____________________ m
P 1 0
o
0
__________ L
Poz s
RS —
' /b 1/
: : ; 0 Dk
11/pe - 1/prs
0 Fommmm- pomsoss
: E
{ 0 {
! |
L ! Lo 1.
(k -m) X (k - m) matrix,

L=[V.F(x(y, A, )y, A )],
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Pyt 0
P=[—O—i“— ], (km +q) x {(km + q) matrix.
0 ! Ogxq
We define the problem
maximize g.(y, A),
N (135)
subjecttoye V-,
as the locally dual problem of the problem
minimize F(x, y, A, ¢},
(136)

subjecttox e R",
where V* = R(CA"|,~), where

Algorithms (AS) and (AN) for Problem (NP) operate as follows.

Step 0. Choose vectors y =y°e R*", A =A°c R? and a scalar ¢ =
c’>0.

Step 1. Find a perhaps local minimum x*=x(y°, A% ¢®) of the
problem

minimize F(x, y,°, A%, ¢*),

(137)
subjecttox e R".
Step 2. Algorithm (AS). Update y*, A°, c* by
yit=max[0, yi+c (f(x)-ud) =1, kj=1...,m,
(138)

where u] satisfies, fori=1,...,k,
Y max[0, y;+c’(f;(x)—udl=1,
i=1
A;’-H = A]s +Cshi[xsa pc’[fl(xs)a )’ﬂ, ey pcs[fk(xs)a ch]], j= 1’ e s
(139)
cr=et (140
Step 2. Algorithm (AN). Update y°, A, ¢’ by

s+1

[ea] =] V]-wrriere, (141)
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where H’® is an invertible matrix® which approximates the Hessian
V24 (y%, A%), Vp is as in (133), G* is defined similarly to G* used by
Algorithm (AN) for Problem (NPS),
=, (142)

Set s =s+1, and go to Step 1.

Remarks similar to those made for the interpretation of Algorithms
(AS) and (AN) in the (NPS) case hold here.

The convergence results (Theorems 4.1-4.4) hold, with the appropriate
modifications. For example, we should use in Theorem 4.1

{ ﬂ , instead of y,

Dy=—-G*[A'E(x, ¥V, AV AL instead of Dy,
where

LO I
I; = m X m matrix,

Iizome- ifpt=19

Ii‘""‘w R 1fp522,

i 0,
A=V 'V h+VFYV, 0],

“VlG’ m 7
. . 0

ViG

’ VkG . bl
0 "
- VkG

*The matrix H* can be taken equal to the Hessian, if the Hessian is invertible, or equal to a
matrix which is ¢lose to the Hessian, if the Hessian is not invertible or almost singular, like in
the quasi-Newton methods for differentiable problems.

G*=

aal}

i
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We assumed w.l.o.g. that

L(x*={1,..., pi},

and E(x, y, A) is the part of V,.F(x, y, A, ¢) which is not multiplied explicitly
by c.

6. Conclusions

Our work in the previous sections has established certain results
concerning the problem considered and the algorithms proposed. It should
be clear that the results of this paper are very similar to results proved in
Refs. 1-2 for multiplier methods. It is also clear that other results and
remarks, given in the above-mentioned two papers, carry over to our case.
For example, we can employ inexact minimization for the problems (69) or
(137); see Proposition 2 in Ref. 2. We can also treat the case of inequality
constraints 4; =0 by introducing slack variables, although slack variables
often introduce unnecessary numerical difficulties, see Ref. 24. It is felt that
our main aim has been achieved, i.e., the establishment of a duality
framework similar to the one holding for the multiplier methods and the
demonstration that basic results concerning these methods hold for the
problem and the algorithms considered here. The reader who is familiar with
Ref. 5 can see that similar results would hold, should another type of y
function be considered. We did not present any implementation of the
algorithms considered here, but the reader can find in Ref. 4 some imple-
mentation results of Algorithm (AS).

Recently, much attention has been focused on a class of methods called
dual variable-metric algorithms (see Refs. 13, 20, 22, 6) and projected
Langrangian algorithms (see Refs. 24-29). Although these methods were
introduced for differentiable problems, it seems reasonable to expect that
their basic philosophy is applicable to approximation methods for
nondifferentiable problems, like Problem (NP).
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