








luformation sct

{(Y,(0), Y, (¢t +1); =10 N}and {Ui(t - 1)}. (3.2)
‘This implies that cach controller knows the past histo-
ries of all the outputs a.n_d output reference signals, but
does not know the past historices of the other controllers’
wputs.

Objective function

J() = (v (t+1) = v (t+ D) + riwi(t)? withri >0
(3.3)
This implies that each controller is trying to make the
corresponding output y;(t) tracking his output reference
signal y(t) which is assumed to be uniformly bounded.

Predictor model

Fit +1) = $i(t) ¥ (1) + baiui(0) (3.4)

where
$1(t) = ¢2(t) = ... — én(t) = ¢(1)
8(t) = [y, (07, yT 1y (0T ¥i (141), w3 (1+1), .., yh(t4+1)]

(3.5b)
8:(1) = [&,(0)7, ...

(0T da(Y), da(t), ..., din(0)]T
biiis assumed to be known to controller 1.

(3.52)

(3.5¢)

This implies that each controller regards lis subsystem
as controlled only by his own input, so that he does
not model the other controllers’ inputs in his subsystem
modecl to predict his output.

Based on this formulation, each controller uses
the following deccentralized adaptive control scheme:
Controller structure

bii

(0 = 52 2+ 1) = 400

(3.6)

(Tlis im:plies that each controller does not need to solve
a set of N linear equations for obtaining this output.)

Parameter estimator with projection algorithm

(1)

8:(+1) = 0:(0 + Togra

{wi(t +1) —gi(t+1)}

Lt (3.7)
67 =", ...  aln i dh, db, ..., diN])T (3.8)
6i(t) = 6:(t) — 67 (3.9)

ei(t) = —o(t) T (0). (3.10)

Then, from (3.1), (3.4), (3.6), and (3.10) with (2.1) and
(2.2), we get

ei(t+1) vi(t+1) = gi(t+1)

N N
Z aij(g™" )y (8) + Z birui(t)
J=1 k=1

N N
= > Gi(a™wi(0) = bawi(9) = Y diwi(t+ 1)

1=1 j=1

N N
== [ai(a™") = {aii(a7") = Y badei™)Mws(0)
Jj=1 k¥l

N N
- Z[d-.',‘ — {6ijhij — Z hacdiiYy; (E+1)

j=1 k1
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N
_¢(¢)T[é.(() + Z hoade(1)
kfe
so that
e(t +1) = He(t) (3.11)

Also, substituting (3.6) into (3.1), we obtain the closed-
loop system cquation

y(t+1) = Acle ™ )u() + Gy (t+ 1) + le(t)  (3.12)

which can be rewritten in the state-space representation
forin as

F(t+ 1) = Ag(t) + Gay (L + 1) + lae(t).  (3.13)

3.2. Assumptions
(A0) The basic structure of the system is known

(A1) An upperbound n for the order of the polyno-
mial matrix A(¢g™") in the system equation (3.1)
is known.

(A2) Every parameter a;j(g™"), bij is unknown, except
that b;; is known to controller 1. :

§A3) Every parameter of the input coeflicient matrix
B in the system equation (3.1) together with the
weighting coefficient r;’s on the input term of the
objective function (3.3) satisfies the weak coupling
type of condition

1
N -1

bijb,,
2 ]
b” + 7

|hijl < Vi # 5 where &;;j

(A4) The closed-loop system with known parameters is
asymptotically stable in the sensc that Det [[ =
¢~ 1 Ac(¢7")] has all its zeros inside the unit circle
(u. c.). or cquivalently the matrix A, has all its

eigenvalues inside the unit circle, where A, was
defined in Section 2.1.

3.3. Results
I’roposition 1 The N-player discrete-time dynamic

game described above with known parameters admits
a (unique) sct of feedback Nash equilibrium strategies

given by

bii

g iy Teo .
b?.-+r.~(‘"(‘+l) (1) **)VYi=1to N.
(3.14)
Proof: For this proof, as well as those of the result to

follow, see [36]. Let us define

w(t) =

v(t+1)=Alg7" )y (1) + Gy (t +1),
with the initial condition zo &

(3.15)

Then, y°(t) is the output vector sequence which would
have been obtained if every controller had known all the
parameters so that controller ¢ had applied u{(t) from
the beginning and {x°(t)}, {y°(¢)} can easily be shown
to be uniformly bounded by the assumption (A4). We
have the following result.

Theorem 3.1 For the system (3.1) subject to lhe as-
sumptions (A0)-(A4), the decentralized weighted one-
step-ahcad adaptive control scheme (3.6), (3.7) yields
(a) [16(t+ 1)ll5< 16Ol V¢ > 0.

g T e 1
(b) lfn— oo (-i+—¢((“)—);'7¢(‘)3 =0.

(c) lime—oo e(t) =0.

(d) lim—oe(t) =0.

(e) {¢#(¢)} is uniformly
{v()}, {u(0)}.

(£) lime—oo{ui(t) — u(€)} =0Vi=1to N.

(8) limi—oo{yi(t) =y’ ()} =0Vi=1to N.

bounded and so are



[.ct us now cousider a special case where the input term
is not penalized in the objective function, i. c. , r; = 0.
lu this case, we have a smaller class of problems for
which our deceutralized one-step-ahead adaptive con-
trol scheme cnsures the closed-loop stability, since the
asswinption (A3) becomes lbi)/b)‘jl < 1/(N = 1), which
doecs not cover the gamne situation where two or more
coutrollers are trying to control the same output in their
own way. But, we have relatively stronger result asymp-
totic tracking performance.

Theoremn 3.2 For the system (3.1) subject to the as-
sumptions (A0)-(A3), the decentralized one-step-ahead
adaplive control scheme (3.6), (3.7) with r; =0 for all
t = 1 to N achieves asymplolic tracking in addition
to the results of Theorem 3.1; lim¢— o |yi(t) — ¥ () =
OVi=11toN-

4. Stochastic Case

4.1. Problemn Formulation

“We deal with the situation where multiple con-
trollers are trying to achieve their own objectives on
the output of a LTI finite-dimensional stochastic sys-
tem described Ly y(t + 1) = A(g7")y(t) + Bu(t) +
v(t + 1) with the initial condition z,. Let F, be the o-
subalgebra gencrated by the obscrvations up to and in-
cluding time (. F, includes the initial condition infor-
mation. Each component of tlie noise vector sequence
{r(1)} is taken to be a recal stochastic process defined
on a probability space (2, F, P) and adapted to the se-
quence of increasing o-subalgebras {Fe; t =0, 1, 2,...}.
The following assumptions are made on the process
{e(n)).

(V1) E{e(t+1)|F} =0a.s.

(V2) E{e(t+1)o(t+ l)Tl.F,] =T withtr’' < oo a.s.

(V3) limy_sup % ZL] lo()]? < oo a.s.

At time ¢, each controller 1 is supposed to have his own
information, objective function and predictor model as
below.

Information set
{Y;(0), Y (t+1); s =1to N} and {Ui(t —1)} (4.1)

Objective (unction

(1) = E{(y(t+1) = ¥l (t+ 1)) + riwi(0)?| 7). (4.2)
Predictor model

Gt +1) = 6()T8:(t) + bisugt) (4.3)

where $(t), 6:(1) are as defined by (3.5). Based on this
formulation, each controller uses the following decentral-
ized adaptive control scheme:

Controller structure

wi(l) = b—zb—;—;—{y:(l +1) - ¢(1)Té.'(l)} Vi=1to N.
) (14)

Paramcter estimator with stochastic approxiination

algorithin _
6i(t+1) = é.—(‘)-*-;—%o‘(l)(&«(&l)—ﬁ;(t+l));«‘z‘.- >0Vi=
(4.5)
(1) = 7(t = 1) + $(0)T8(8); v(—1),= 7o > 0. (4.6)

Subtracting (§(t+ 1)+ v(t+ 1)) {rout both sides of (4.1)
yields

e(t+1) = v(t+1) = A{q™")y(t) + Bu(t)— §(t+1) (4.7)

where ¢(t + 1) = y(t + 1) — g(t + 1). Let

() =c(t—1)—v(t +1) (4.8a)

ei(t) = —¢(1)Tai(0) (4.8b)

where 8:(t) is defined by (3.9) with (2.1) and (2.2).
Then, by the samic argument as deriving (3.11) and from
(4.8) together with (4.4), (4.5) and (4.9), we can get

z(t) = He(t)
e(t) =H""2(1) (4.9)
where the invertibility of the matrix H is guaranteed by

the assumption ﬂAJ). Also, substituting (4.5) into (4.1)
gives the closed-loop system equation

y(t+1)

which can be rewritten in the state-space representation
form as

F(t+1) = AaY(t) + Gay " (t + 1) + Hae(t) + iav(t + 1).
(4.11)
4.2. Assumptions and Results
Ia addition to the noise assumptions (V1)-(V3) and the
system assumptions (A0)-(A4), we can make one more
assuwmption:

(A5) The scalar gains @i’s of the error forcing term
in the parameter estimation algorithm (4.6) are
chosen so that Af > (1 + p)| for an arbitrarily
small p > 0, where

1

M=HTZ"' + A TH T with H, A invertible
(4.12a)
- _f@W>0 ifi=j
14l = { 0 otherwise. (4.12b)

As shown in [36], Proposition 3.1 also holds for the
stochastic case. Thus we can define u°(t), y°(t) in the
same way as in Section 3.3:

W0 = i) - 6T, (413)

41 = Ay )y () + Gy (¢ + 1) + v(t (I

with the initial conditionz,.

Then we have the following result.

Theorem 4.1 For the system (4.1) subject to the as-
sumptions (V1)-(V38) and (A0)-(AS5), the decentralized
weighted minimum variance adaptive control sclieme

(4-3)-(4.7) yiclds
(a) imr— ZT:: ;("—)llz(t)"z < oo a.s.

(6) limr— o 53 S0 (DI <0 a.s.

() limr—e LT 20 <0 2. s.

(d) limr—e £ 57 [le(0)I? <0 a.s.
(e) limr—o % Z‘T:}_E{(y,(t+l)—ﬁ.'(t+l))zlf(} =T

a.s.Yi=1t N.

(JIR..limr—«, ; 2.1;1 lu(t) —«®())> =0 a.s.

(9) limr—os £ "7 Nly(0) =y ()P =0 a. s.
(h) limr_cosup = 7 flg(O? < o0 a. s.
(i) limr—osup £ 7 lu(9)]* < o a. 5.

Also, with r; = 0 for all t = 1 to N, we lLave the coun-
terpart of Theorem 3.2 for the stochastic case:
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Ac(g™")y(t) + Gy"(t + 1) + He(t) + v(t +H1)10)
Acd(g™")y() + G (t+ 1) + HH' 2(t) + v(t + 1)



licorem 4.2 For the system (§.1) subjcct to the as-
amptions (V1)-(V3) and (A0)-(A8) and (A5), the de-
=nlralized minimmum variance adaplive control scheme

4.5), (4.6) with r; =0 for alli =1 to N yiclds

. . T
a) limr—oc sup .;.— Z‘=l Ny(OI? < o0 a. s.
b) limr—cosup £ 37 J[u(¢)]* < o0 a. .

fc) imr—oo 5 Soi_ E{(vi(t+1)=yi(t+1))?|F} = T

a.s.Vi=11to N. :

5. Conclusions

In this paper, we have established a decentralized adap-
tive control scheme which yields the closed-loop stability
ior a class of systems described by the AR model in a
game situation where the objectives of several controllers
are in couflict. As a by-product, our results suggest how
and under what conditions a centralized adaptive con-
trol problem of a large scale system can be decentralized
in such a way that distributed parallel computation can
be executed to decrease the informational complexity
and save on computational resources. One might ap-
preciate the global efliciency of our scheme by recalling
how powerfully the parallelism of the Jacobi iteration
can be exploited for the computational purpose to find
the inverse of a large-dimensional matrix with a domi-
nant diagonal. | .

It is interesting to note that in a situation of conflict,
the decentralized one-step-ahead control without penal-
ization of the input can not make a compromise among
the controllers who have no hesitation in exerting —
even infinitely — big inputs in order to be dominant
over others and to achieve their own objectives. The de-
centralized one-step-ahiead control with penalization of
the input can lead the controllers to seif-restraint and
mutual concession towards a compromise, while causing
the non-exact tracking as a negative effect.

The results can be easily extended to the case where
each controller lias more than one output to control,
which yiclds a relaxation of the weak coupling condition
as a positive effect and an increase in the dimension of
subproblems as a negative effect.

\Ve have tried to extend our results to the ARMA modecl,
but succeeded only with the one-step-delayed sharing
information pattern under which each controller knows
not only all the previous outputs, but also the past his-
tory of other controllers’ inputs, while the computer
simulation results obtained under observation sharing
information pattern are as good as those obLtained with
classical information pattern under which all the infor-
mation is commonly available to every controller.
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