





It is assumed that the algorithm terminates at time t if the termination
function TF(t) meets the tolerance level of 0.001, i.e.,

TE(t) = | Ell=(r) = 2(~) < 0.001 (14)
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We computed E|| . || by averaging over 100 trials of the experiment. For
each trial a different computer realization of the delays was used. Since
the previous values of the iterations that lie within the delay bound affect
the value at which the algorithm stands, the above termination criterion is
necessary to ensure that all of these values have also been stabilized.

We started by simulating the behavior of distributed asynchronous al-
gorithms with bounded delays. In essence, the delays were independently
generated from a uniform distribution on the set 1,2, -,B}. Figure 2
plots the performance of these algorithms as measured by the termination
time in terms of varying the stepsize for the delay bounds B = 4, 8 and 12.

Next we tested the case of ordered scheduling that is discussed in Beidas
and Papavassilopoulos [3]. A reasonable restriction is imposed where we
assume that the information is received in the order it was produced.

We assume that each processor w has a local memory where the latest
z., geperated at time instant t is kept and when the new information ar-
rives it is labelled using a time stamp as to when it was computed by the
other procéssors. If it happens that this processor acknowledges that the
information it receives was generated at a time instant earlier than t, then
processor w will discard it. Therefore, the probability distribution enforces
that

Pr{d“(t) > d“(t—1)+1} =0, for all w and ¢, (15)

which entails that the entries of the probability matrices for the delays that
are above the superdiagonal to be zeros.

We simulated the distributed asynchronous algorithms with Markov de-
lays having the property defined by equation (13) and the distributed asyn-
chronous algorithms with independent delays whose probabilities are equal
to the limiting behavior of these Markov delays. Figure 3 and Figure 4
illustrate the perfortnance of these algorithms for different probability dis-
tributions and for B.= 4 and B = 8, respectively.

In general, we make the following observations. Firstly, for small step-
size 7, changing the probability distribution has little discernible effect on
the termination time. Secondly, the performance curves of the algorithms
with Markov delays follow those of the algorithms with independent de-
lays, corroborating our intuition. Thirdly, the performance curve which
corresponds to the probability distribution PD1 that places emphasis on
recent values of the delays spans more values of stepsizes before the eventual
divergence. '

From Figure 3 and Figure 4, we notice that the performance curves of
the Markov delays lag those of the independent delays. This is attributed
to the fact that the tiine needed to bring the Markov delays to their lim-
iting behavior causes the algorithms with Markov delays to converge more
slowly than the algorithms with independent delays. This effect is more
prevailing for the case of B = 8 where for some stepsizes the algorithms
with independent delays converge while their Markov delay counterparts
do not.

To underscore the above phenomenon, we obtained Figure 5 and Figure
6 by plotting one run of the performance of algorithms with Markov delays
for v = 1.095, probability distribution PD1 and v = 0.845, probability
distribution PD2. The same was done for the algorithms with independent
delays. From both figures we notice that while the independent delays case
converges to the minimum value of the cost function, the Markov delays
case exhibits severe oscillatory behavior around the minimum.

Next, we examined the effects of the stepsize v and the communication
delay bound B on distributed asynchronous algorithms with Markov delays.
Figure 7 depicts the termination time as the delay bound B and stepsize v
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are varied. Noteworthy of mention is that Figure 3 and Figure 4 show !h;l
algorithms with stepsize y chosen to be 0.05, 0.1 and 0.2 display constant
termination time as the probability distribution is changed. We note that
the termination time grows quickly with decreasing stepsize . In addition
it grows faster with increasing delay bound B when stepsize v is smal] lhan'
it does when 7 is large.

4 Conclusion

A With the aid of simulation studies we estimated the performance of dis-
tributed asynchronous iterations with stochastic delays and obtained com.-
parison results as the probability distribution of these delays changed. We
also assessed the impact of varying the communication delay bound and the
stepsize on the termination of these algorithms and it was shown that the
performance of distributed asynchronous algorithms is in fact predictable.

Appendix

We provide the probability distribution for the delays that result from
the distributed asynchronous nature of the algorithms when solving the
optimal routing network of U.S. cities given in Section 3.

First, when the communication delay bound B = 4, the probability
matrices that characterize probability distribution PD1 are given below.

75 250 0
65 2 15 0
1 _ p4

P=P=15% 2 1 1
25 25 25 25

6 4 0 0

: s 15 2 3 o
PP=P=1 95 25 25 25
625 125 .125 .1%5

82 0 0

s e |43 30

P=P=17%5 2 2 1
1 34 25 31

Second, the probability matrices that characterize probability distribu-
tion PD2 are given below. :

5 5 0 0°

c o o |4 3 3 0
(Phi=1-6)=1 55 95 25 .25
25 25 25 .25

Third, the probability matrices that characterize probability distribu-
tion PD3 are given below.

2 8 0 0
i |2 25 550
pi=F 1 2 1 6

25 25 25 25

375 625 0 0

: s |3 2 5 0
PP=P'=1 95 25 25 .25
125 125 125 625

55 0 0

13 6 0

P=P=|""% o 4
1 34 25 31

Now we provide the probability distributions when the communication
delay bound B = 8. First, the probability matrices that characterize prob-



ability distribution P D1 are given below.

Pl=pi=
Pl=pi=
PP=pé=
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tribution P D2 are given below.

5
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125

fori=1,---,6.

Third, the probability matrices that characterize probability distribu-
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Second, the probablhty matrices that characterize the probablhty dis-
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tion PD3 are given below.
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1) Distributed asynchronous algorithms with- B =4
2) Distributed asynchronous algorithms with 8 = 8
3) Distributed asynchronous algorithms with B = 12

Figure 2: Performance curves for distributed asynchronous algorithms with
bounded delays for different communication delay bounds. 100 runs were
considered. i )

Termination Time
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1)  Algorithms with Markov delays for probability distribution PD1

1')  Algorithms with independent delays whose probabilities equal the
limiting behavior of PD1

2)  Algorithms with Markov delays for probability distribution P D2

2')  Algorithms with independent delays whose probabilities equal the
lumiting behavior of PD2

3) Algorithms with Markov delays for probability distribution PD3

3') Algorithms with independent delays whose probabilities equal the
limiting behavior of PD3 .

Figure 3: Performance curves for distributed asynchronous algorithms with
stochastic delays under different probability distributions. B = 4 and 100
runs were considered. '
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"l) Algorithms with Markov delays for probability distribution PD1
1') Algorithms with independent delays whose probabilities equal the
: limiting behavior of PO1 .
2) Algorithms with Markov delays for probability distribution P D2
2') Algorithms with indépendent delays whose probabilities equal the
limiting behavior of PD2 .
3) Algorithms with Markov delays for probability distribution PD3
3') Algorithmns with independent delays whose probabilities equal the
limiting behavior of PD3 ’

Figure 4: Performance curves for distributed asynchronous algorithms with

- stochastic delays under different prebability distributions. B = 8 and 1€0

runs were considered. .
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Figure 5: Performance curves for distributed asyuchronous algorithms \Vilh
stochastic. delays under PD1 for vy = 1.095. 5 =8 and 1 run were consid-
ered.
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1) Algorithms with Mackov delays. -

2) Algorithms with independent delays.
Figure 6: Pecformance curves foc-distributed asynchrdnous alg&rithms with
stochastic delays under
er=d.
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1) Algorithms with Markov delays for stepsize 7 = 0.05-
2) Algor}thms with Mackov delays for stepsize 7 =0.1
3) Algorithms with Markov delays for stepsize v = 0.2

Figure 7: Effects of stepsize and delay bound on performance l"or distribut
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- asynchronous algorithms with Mackov delays. 100 runs were consideced



