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Then for every initial condition the sequence {z:(t)}
converges to z(t) in the mean square and aImost
surely for all i i

Proof: See [2]. '
It can be shown tha.t the condxtlon needed for a.l-

most sure convergence, i.e., Et-o 72(t)K2(t) < oo is

more stringent than lim¢—co 7*(t) K2(t) = 0 whlch is

required for convergence in the mean square.

4 1 ‘Comparison with the Synchronous '

.. Case

" A little reflection is needed to show the imderlying
relationship between our results and those obtained
for the case of synchronous iterations. The specializa-
tion of our model represented by equation (5) to the
synchronous case indicates that

Pr{d;i(t) #1} = 0, for all i i t (16)

and, therefope, ) . _ ‘
: y(t)—-r(t) - (17
Tsypkin, Kaplmskxy and Larionov [17] consxdered the
synchronous version of the gradient algorithm that

minimizes. a cost function under nonstationary con-

ditions where from equations (12) and (17), we obtain
(t+1) =

The sufficient conditions for convergence in the mean
square of the synchronous iterations represented by
equation (18) are the following:

1. for q(t) defined in equation (14) such that 0 <
q(t) < 1, it holds L
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For our dlstnbuted asynchronous model as q(t) < 1,
conditions (1) and (4) of Theorem 1 are stricter than
and imply those given by equations (19) and (20).
We, therefore, realize that resorting to the distributed
asynchronous schemes may be accomplished at the ex-
pense of fulfilling a stronger criterion of convergence.

5 ‘Conclusions

We have proposed and investigated the behavior
of distributed asynchronous iterations with stochas-
tic delays that solve optimization problems with non-
stationary minima. The plausibility of the notion of
stochastic delays stems from the fact that it models
the case of an unpredictable communication network
among the processors and therefore addresses various
reliability aspects and prohabilistic load descriptions
of the communication network. The analysis that es-
tablishes the sufficiency conditions required to guar-

- antee mean square and almost sure convergence is

based upon utilizing a Lyapunov function that reduces
the distance away from the minimum point defined in
equation (6) and showing that the adverse effects in-
flicted by the communication delays are negligible.

This work was further extended [2] to implement
our model of distributed asynchronous iterations with
stochastic delays in solving constrained optimization
under conditions of time drift and to invoke the
gained machinery in different applications. Further-
more, with the aid of simulation studies we evalu-
ated the performance of distributed asynchronous it-
erations with stochastic delays and obtain comparison
results with their synchronous counterparts.

References

(1] G. M. Baudet, “Asynchronous Iterative Methods
for Multiprocessors,” J. ACM, vol. 25, pp. 226-
244, 1978.

[2] B. F. Beidas, Distributed Asynchronous Imple-
mentation with Stochastic Delays of Iterative
Algorithms, Ph.D. Dissertation, University of
Southern California, Los Angeles, CA, 1992.

[3] B. F. Beidas and G. P. Papavassilopoulos, “Con-
vergence Analysis of Asynchronous Linear Itera-
tions with Stochastic Delays,” to appear in Par-
allel Computing.

[4] D. P. Bertsekas and J. N. Tsitsiklis, Parallel
and Distributed Computation,” Numerical Meth-
ods. Prentice Hall, 1989.



[5] D. Chazan and W. Miranaker, “Chaotic Relax-
“ation,” Linear Algebra Appl., vol. 2, pp. 199-222,
1969. :

[6] V. A. Dupac, “A Dynamic Stochastic Approxi-
mation Method,” Ann. Math. Statistics, vol. 36,
pp. 1695-1702, 1965.

[7] R. Figueifedo, “Convergence Algoritﬁms for Pat-
tern Recognition in Nonlinearly Evolving Nonsta-
tionary Environment,” P('pc._ IEEE 56, pp- 188-

189, 1968. :

[8] E. Kaszkurewicz, A. Bhaya and D. D. Siljak, “On
the Convergence of Parallel Asynchronous Block-
Iterative Computations,” Linear Algebra Appl.,
vol. 131, pp. 139-160, 1990.

(9] H. T. Kung, “Synchronized and Asynchronous
Parallel Algorithms for Multiprocessors,” in J. F.
‘ Traub, ed., Algorithms and Complezity: New Di-

rections and Recent Results. Academic Press, pp. -

153-200, 1976.

[10] D. G. Luenberger, Linear and ‘Non.linear Pro-
gramming. Addison-Wesley Publishing Co., 1984.

[11] B. T. Polyak, “Convergence and Convergence

" Rate of Iterative Algorithms, Part I: General
Case,” Automation Remote Control, vol. 37, pp.
83-94, 1976. '

TR SE

1 1 1 1 1T 1717 11
1 2 3 4 S5 6 7 8 9 0

Time scale
Figure 1: Depiction of typical behavior of the syn-
chronous implementation of a system of n processors
where the computation time is one unit. Note that the
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, Figure 2: Depiction of typical behavior of the dis-

tributed asynchronous implementation of a system of
n processors where the computation time is one unit.
Note that the idle periods are dispensed with at the
possible expense of reducing the quality of computa-
tion.



