


games. There are many intricate issues pertaining to these
problems: Closed loop and open loop solutions are in general
distinct even for deterministic formulations and lead to different
costs and trajectories. The stochastic versions' salutions are not
related ta the solutions of the deterministic case via the separation
principle. Finite and infinite duration games may differ much
maore drastically than their single objective countarparts.
Nonlinearity or nonuniqueness of solutions depending on the
information pattern, enter the picture in a drastic way. For an
overall view of the subject, the reader is referred to the
appropriate sections of the excellent book by Basar and Olsder
[22]. A brief survey of papers dealing with linear quadratic
games now follows. :

Starr and Ho [31-33] introduces datarministic dynamic
continuous time, zero-sum, Nash and Team problems. Both open
loop and closed loop strategies ara considerad and the necessary
conditions for the LQ case are carefully derived. This paper
provides many insights. The analogous presentation for the
Stackelberg case is one in [19-21] where an in-depth analysis of
several issues is also provided. Ho, Bryson and Baron (36] study
pursuit evasion game in the context of a zero-sum LQ formulation.
Bellman and Ho [35] study a pursuit evasion game in a zero-sum
LQ context where the one player has noise corrupted
measurements.. A similar problem where both players have noise
corrupted measurements is studied in Ho [34]. Lukes, Ichikawa,
and Minamide [38-41,46] study LQ Nash games in a Hilbert space
framework. Meyer, Potter, Van Zwieten, Medanic, and Pachter
[37,43,47,49-51] study a generalized Riccati equation related to
the one arising in zero-sum LQ games of inifnite duration.

. Rhodes, Laub [44,45] examine continuous time LQ Nash and
zero-sum problems with noisy measurements.

‘Kriekelis [42] considers the numerical solution of the
coupled matrix Riccati equations arriving In LQ Nash games via

Newton's method. .

The discrete time LQ Nash problem of finite duration under '

the ona step delay observation sharing pattern is rascived in
(15-17].

Papavassilopoulos [25-26] provides sufficient 'conditions for
existence of stabilizing solutions of the coupled Riccati equatians
which appear in LQ deterministic continuous time Nash gamaes.

* Mageirou, Jacobson [48-56] study the Interplay of solutions
of the finite and infinite time zaro-sum LQ continuous time games.

It is interesting to notice that a game theoratic approach to
robust LQ design was first introduced in 1964 by Dorato and
Drenick [30] in a generic framework. Minimax problems for
deriving robust controllers were also considered in Witsanhausan,
Bertsekas, Salmon [27.28,29], but these papers are remote from
the H® formulation. There are two particular papers nonatheless
whera the formulations usad for deriving rabust controllers are
quite close to the ona related to H*°. Thay are the papaers [54] and
[55]. In this context, see also {57] for a theoratical study and
algorithms pertaining to the zero-sum Riccatl equation. (For
further theoratical results on this equation, see in particular
[49-51].) :

In key breakthrough reported recantly by Doyle, Glover et al.
[9.8.74], an observer-like technique together with “change of
variables* was found to permit the state-feedback H* resuits to be
extended to the case in which the state is not directly available for
feedback. These "H*® observer results. like those of [72,77.78],
require the solution of twQ Riccati equations of the form (2.1).
This approach has been extended and further developed by a
number of authors (e.g.. [10.75,76]).

3. W&Mﬁdﬂm
In this section we briefly discuss t‘he links between game
theory, H®  optimal control theory and the concept of
c-optimality, originally introduced in the -H%® control in the
seminal paper of Zames [12] in order to deal with constraints

requiring admissible control laws to have proper transfer
functions. i

Let o: UxW—_oR be a function and consider the problems:

inf sup & (uw) = ¥* (3.1)
u w . .

sup inf ¢ (uw) - Te (3.2)

w ')

it always holds that
TaST* .

i.e., the lower value (1.,) is less or equal than the upper value
(v"). Apaic (U, w) € UxW is called a saddle paint if

duwW) S dW, U SP(Wu), Vuel v weW (3.3)
Such a point does not always exist. There are several conditions
known as minimax theorems guaranteeing the existence of saddle
points and most of them assume convexity of ¢ in u, concavity of ¢

in w, some type of continuity (upper, lower) of ¢ and caonvexity
compactness of U and W. It is clear that if (u,w) is a sadcle point,
then u solves (3.1) and’y solves (3.2). Howaver, solutions u of
(3.1) and w of (3.2), assuming they exist, do not provide a
solution to (3.3). The following theorem holds (see [22, 79)):

" Ihegrem. Let U,W be nonempty. A pair {u,w) solves (3.3)
if and only it u solves (3.1), (i.e., the infimum is attained in
(3.1), W salves (3.2) (i.e., the supremum is attained in (3.2))
and the upper and lower values 7, " arg equal. The standard H*®

problem is of the type (3.1) with

d(umw) = lizI? (3.4)
Z = Hx;Ev (3.5)
X = AX+Bv+Tw x(0) = O (3.6)
we hy[0, +)

llwlf? -'f: W(tw s 1 (3.7)
l1z11% = Jio M z() dt . (3.8)

The H* problem is
inf sup |lzlI2 (3.9)

u w

where |[w]] S 1 and u = u(y) is a possibly dynamical control law
mapping the measurement y(t) = Cx(t)+Du(t) into the control
signal v(t). If one further suppases that the infimum and
supremum in (3.9) are achieved, then one may raformulate the
problem (3.9) with the aid of a Lagrange multiplier yZ as

min max [zl - 72 (Wl - 1) . (3.10)
u w

In order to solve (3.10) we may try to solve for a saddle



point of ||z|[2. If we find a saddle point we have automatically
solved (3.4). Solving for a saddle point of (3.4) leads to a linear
quadratic differential game. Indeed, solving the linear quadratic
game (3.10) in the usual fashion (e.g., [56,8] one finds that for
any ¥, 7>0

P 2 2
fzll_ -« (IlW_II_r 1= llv-volxa)l

- 2(w-wo(x, )1 2 - 1) (3.11)
where
T
lxllr & ([ x(Wxdy'/2 (3.12)
o]}
and
vo(x(t) .tz ) 2 -B' Pty )x(t) (3.13)
wo(x(t),t,7) & - 1/x?2 T Pty )x(t) (3.14)

and P(t,7) is a solution to the Riccati equation (compare with
(1.1))

P = PA+AP-P(BB - /72 P + HH

P(T,v) = 0. (3.15)
Evidently, when the _gdmissible measurements include the
full-state x, then u(x(t),t,7 ) = Vo(x(1),t,7 ), w(t) =
wo(x(fht,7) is the desired saddle point and, letting ¥™ denote the
optimal Lagrange multiplier one has that the optimal H™ full state
feedback control law is : :

v(t) = u(x(t),t,7") = -B' Pty ") x(t) (3.16)
The solution to the orioginal H™® state feedback control problem
may be recovered by examining the existence and behavior of the
limiting solution lim P(t,y) for various values of the scalar
parameter 7. T=oo

Of coursa, all of the foregoing supposes that the infimum and
supremum are achieved, which in general will not be the case.
Howaever, even when a game doas not admit an exact solution it may
admit an approximate solution which is optimal to within some
small €. This may happen when the infinum or supremum in

(3.1) cannot be achieved, but rather can only be approached by
admissible controls ue U, weW. In the case of H* copntrol, one

may often compute such e-optimal solutions by taking 7 to be
only slightly greater than the optimal ™.

Let us examine the concept of e-optimality further. Assume
that there exist (U,w €U,W) such that

£+ (U WS PWUW) SE+ d(uW) VueU, vYweW (3.17)

for some £>0. This means

"€ + sup duw) < G(UW) S €+ iﬂf & (u.W) (3.18)
Now, '
igfcp(u,v‘i) s sup iﬂttb(u.W) (3.19)
illf sup duw) s sup d(U.w) (3.20)

Using (3.19) and (3.20) in (3.18) yields
(3.21)

-e +inf sup &(uw) < G(X.w) s e + sup inf (u,w)
u w w u

Using the fact that

¥e= sup inf &(uw) <inf sup d(uw) = 7, (3.22)

w u u

relation (3.21) yields
€+ S EA, (3.23)
and thus

Te ST S Aa+2€ (3.24)

We are now ready to state the following lemma:

Lemma. A UeU which satisfies (3.17) with some we W is
within an error of 2e a solution of

1fo sgp & (u,w) (3.25)

a
It is clear that a solution of (3.25) within an error 2¢ is not
necessarily a solution of (3.17). But if ¢ is such that U is a
solution of (3.17) for same ¢, it is necessarily a solution of
(3.25) within an error of 2¢.

4. DECENTRALIZED, MUI TIOBJECTIVE H* CONTROL

Having seen the ease with which the full-state feedback H*
control problem is solved via linear quadratic game theory, and
noting that Doyle et al. [74] have been able to readily extend this
approach with H* observers, it is natural to ask if game theory
methods can also be successfully employed to soive decentralized
and multiobjective H™ control problems. As we shall see, this
leads to infinite systems of coupled Riccati equations.

Quiput Feedback ’

Consider the decentralized control system depicted in Fig. 4.1.
Having closed-loop transfer function from w to z = 2,7, 2,7 |7

Tew

Tow 2 (4.1)

T,zw
Our objective is to design feedbacks u,(y;) and ux(yz) such that
I Tz oo S & (4.2)

il Tzzw "oo s 5‘2 (4.3)
where &, and &8, are as small as possible.

Let us suppose that the plant P(s) has state space realization

X A r B, B, X
Zy Hl 0 D| 0 w
.| = Hy 0 0 D, Uy (4.4)
Y1 C‘ El 0 0 Uz
Y2 G E 0 0
and denote
Q, & HH, , Q, 2 H'H, . (4.5a)

Further, we assume, for simplicity, that for i = 1,2





