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Summarv

The 51gna1 in a hybrid nodulation scheme is of the forn,

x(t) a(t)cos[w t+m(t)] (1)
The signal a(t) corresponds to amplitude modulation (AM), and the
sxgnal o(t) to phase nodulatlon (PM) . The pfoblem which we consi-
der in the-present paper is the flndlng of necessarv ard suffi—
cient condltlons for. the hybrld modulation 51gnal x(t) in (1) to
be a 51ng1e-51deband (SSB) 51gna1. I.e. we are interested in deter-
mining under what general céﬁditibns the spectrum of x(t) is zero
in the frequncy interval (-£f_, fc), where.mc=2nfc.
A number of publications exist about the specific'sﬁbject ofisingle—
~sidebend frequency modulation (SSB-FM), or'geﬁeraly SSB angle mo-
dulation. Most characteristic are the éapets bv Powers [1], Bedro-
sian [2], Barnard [3], Voelker [4] and Werner [5]. Bedrosian [2]de-
fines the SSB-FM signal via the analytic signal.

s(t)=m(t)c(t) (2)

Where:

w-.t

C(t)=ej < and m(t)-ej[m(t)+3®(t)] (3)

Where ®(t) is the Hilbert transform of o(t), i.e.
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st =H[e(t)]=0(t1a L
(4)

al=

or B(t) = v, [ X3 4,

Where ® is the symbol for convolution and P.V. denotes the prin-.
cipal value of the integral. Thus Bedrosian deduces the SSB-FM si-
gnal as follows:

x (t)=Re [s (£) ]=e ()

cos[u_t+a(t)] ¢5) .

:[4] ng the definitions of;éedrosian, represented all
knOWnanalog modulation schemes to the formﬁ A(t)céé[&ft)] and pre-
sented a unified theory of modulation via the real and complex ze-
ros of the corresponding signals. Werner[ ] studies the spectrum of
SSB-FM signals for specific ciasses of modulating signals. He  also
considers the recovery of the information signal. from bandlimlted
versions. of the SSB-FM 51gnals. Barnard[ ] genarallzed Bedr051an s
deflnltlon of SSB-FM signals in the space of tempered distributions
(generalized functions) and gave an algorithm for demodulating band:
limited versions of single-sideband angle-modulated signals.

In the present paper we present general necessary -and sufficient
conditions for the hvbrid modulation signal x(t) in egn. (1). to be
SSB (upper-sideband) in a generalized function context. In this

summary we will present the main result in the form of a Theorem *
and one example. We will delete here the definitions and .lemmas

from generalized function theory (theory of distributions) which
are necessary for the rigorous proof of our proposition, with the

excemption of a few words about-tempered distributions.Let S be

the space of all "rapidly decreasing” test functiOn[G], i.e. S is



the space of all infinitely differentiable functions which, toge-
ther with their deivatives tend to zero fasteé than any power
of 1/|t], as |£|+w.

Thus: _

(n) . (n)

(t)|<c__ or 1im|t™E
= mn lt|+m

E€ s+ |t"E (t)|=0 for m,n=0,1,2,... (6)

The set of all generalized functions f(E) defined over the space
S of "rapidly decreasing" functions is denoted by S°’, S’ being
the space conjugate to S. Generalized functions in S’ are called

tempered distributions. Definitions of Hilbert and Fourier trans-

forms of témpered distributions are given by Barnard[bl. Let g be
a tempered distribution, i.e. g € S', we denote its Fourier trans-
form by g.g. We define the space of bounded bandlimi*eé¢ tempered

distributions, denoted by S]: as follows:
s, = {glg € s°, g real, |g|<=, l§|<w,:;.g =0 for ]f|>f°} (7)

Where f is the frequency variable and fo a givéh constant. We can

now state our result:

Theorem

Let x(t) be the hybrid modulation -signal:
x(t) = a(t)ces[2nf_t+o(t)] (e

Where o(t) e.so, i.e. o(t) is a real bounded bandlimited tempered

distribution, in other words¥.
sup[Fo(t) e[-£_,£.] -and Jo(t)|, |3(t)[<

Where fo is an arbitrarily large prespecified frequency and o@(t)

*suplg| denotes the support of the distribution g.



is a real tempered distribution.
Then the necessary and sufficient condition for the signal x(t)
to be an ' SSB-FM signal (i.e.} [x(£)] = 0 for |£|<f)) is that,

a(t)exp[a(t)] & n(t) (9)

be an entire function of (the compléx variable) t of order g < 1.
Or equivalently:
The spectrum (Fourier transform) of the hybrid modulation signal

x(t) in (8) is zero for f € (-fc,fc), i.e.

= £ '
:;[x(t)] 0 for |f|<fc
and hence x(t) is an upper-sideband- angle modulated signal, if

and only if:

(- <]

n(t) 2 a(t)exp[d(t)] = cp & - (10)

. n=0 :
with ~lim3|cn|n£ =0 (11)

In the above $(t) is the Hilbart transform of m(f).

Remarks: 1. Special cases for'n(t) are all polynomials of ¢,
since a polynomial is an éntire function with order p = 0.

2. The condition Sup[F{w(t)}} €.[—fo,fo] where fois finite seems
very restrictive and could possibly be relaxed as one can show with
examples, including the cne we present herein. However we need

it in the proof of the theorem. Needless to say that since fo could
be taken arbitrarily large this assumption does not practically
restrict the applicability of the theorem.

3. Entire functions n(t) of orderip < 1 have a Fourier transform

which is a distribution with support the origin, i.e. if

o

n(t) =}  cn t

n

n=0



with p = lim(nlogn/logl1/cn|) < 1 then the'Fou:ier transform of

. n-—-e«
n(t) is well defined in the generalized function context and we

have:

Frwl =1 n"c 6™ (12
n=0

th

Where é(n)(f) is the n derivative of the delta function.

Example. Verify that signal:

1

(/M . -
x(t) = A/ cosLanct+tan

Ji+(t/p) 2

is a single-sideband signal and find its Fourier transform.

.
T

We have:
a(t) = (1+t/7)/[1+(t/1%]/?2  ana
() = tan” 1 (t/T)
In the paper we find:
B(t) = 7 log[1+(t/1?] (13)
Thus we get: .
n(t) 2are) 20 21 4 K (14)

Here n(t) is a polynomial. The Fourier transform of x(t) is found
in the paper to be:

x(6) = (1-i)m e 2L yeg ) + se-£)  for £ 0
and X(f) = X*(-f) for f < 0, where u(.) is the unit-step function.
We have therefofe:

X(f) =0 for [f|<f]

and thus x(t) is an upper-sideband signal.
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