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On the Existence of Nash Strategies and Solutions
to Coupled Riccati Equations
in Linear—Quadratic Games’
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Abstract. The existence of linear Nash strategies for the linear-
quadratic game is considered. The solvability of the coupled Riccati
matrix equations and the stability of the closed-loop matrix are investi-
gated by using Brower’s fixed-point theorem. The conditions derived
state that the linear closed-loop Nash strategies exist, if the open loop
matrix A has a sufficient degree of stability which is determined in terms
of the norms of the weighting matrices. When A is not necessarily stable,
sufficient conditions for existence are given in terms of the solutions of
auxiliary problems using the same procedure.
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1. Introduction

The present work deals with the existence of linear, closed-loop Nash
solutions to the continuous, time-invariant, nonzero-sum, linear—quadratic
differential game, over an infinite period of time.
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The Nash solution for the linear—quadratic game has been studied in
several papers (Refs. 1-10); yet, little is known compared to what is known
about the corresponding classical control problem (Refs. 11-12). The
closed-loop Nash strategies are not necessarily linear (Ref. 6); and, even if
restriction to linear strategies is made, little is known concerning their
existence, properties, interpretation in terms of solutions to the coupled
algebraic Riccati system, and the stability of the closed-loop system. For the
linear—~quadratic game over a finite period of time [0, T, there are certain
existence results for closed-loop Nash strategies, assuming that T is
sufficiently small and/or that the strategies lie in compact subsets of the
admissible strategy spaces (Refs. 3, 7, 8). In Refs. 2, 5, the boundedness of
the solutions of certain Riccati-type differential equations is assumed in
order to guarantee the existence of Nash strategies. Finally, Ref. 15 deals
with the static N-person Nash game, under compactness and convexity
assumptions for the strategy spaces and concavity assumptions for the
criteria.

For the infinite-time case considered here, there is no existence result
available known to us. Although our results do not solve the problem
completely, they are applicable to a subclass of problems. They are stated in
terms of conditions on the norms of the matrices involved, and they do not
depend on controllability or observability assumptions. They can be viewed
as conditions for solution of certain coupled algebraic Riccati-type matrix
equations.

The structure of this paper is as follows. In Section 2, we describe the
system, the type of the Nash solution sought, and formulate the problem.
These questions are pursued in Sections 3 and 4. The conditions derived in
Section 3 state that linear, closed-loop Nash strategies exist, if the open-loop
matrix A has a sufficient degree of stability, which is determined in terms of
the norms of the weighting matrices. Section 4 contains some extensions of
the conditions derived in Section 3 which do not require stability of the
open-loop matrix. Our conclusions are given in Section 5.

2. Problem Statement

Consider the dynamic system described by
%= Ax + Biuy + Baus, x(0) = xo, t<[0, +0), (1)
and two functionals
Jiug, uz)= on (x'Qix +uiRyuu1 + usRus) di,
; @

+0O

Joluy, uz) = J (x'Q2x +usRppuz + uiRz1uy) d,
o
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where x, ui, u, are functions of time taking values in R", R™, R™,
respectively, and A, By, By, Q;=Q!, R; =R}, R;>0, i, j=1, 2 are real,
constant matrices of appropriate dimensions.

The problem is to find u¥, u3 as linear functions of x, i.e.,

ui =-L{x,

with L¥ a real, constant matrix, such that J;(¢¥, u3) is finite (see Appendix
B),i=1, 2, and

JT =N, ul)=Ji(us, u3) forevery u; = —Lyx, (3)

J¥ =L, u¥)=huf, u)  foreveryus=—Lox.

The conditions (3) are the Nash equilibrium conditions. It is known (see Ref.
1) that a necessary condition for the existence of such controls u ¥, u% is that
there exist constant, real, symmetric matrices K, K, satisfying
0=K;A+AK;+Q,~-K:B\Ri{B\K,~K:B.R3} B5K;
~K>B:R2 B5K 1+ K2BoR2% R1;R 3 BYK,

0=K;A+A'K,+Q,—K,B,R5 B5K,~ KB R11 BIK; @
—K1B:R1{BiK,+KiB;R7; R» R1i BiK;.
It can be proved that, if such K/'s exist and the closed-loop matrix
A=A-BRi{B K~ B:R%B:K> (%)
has Re [A(A)]<0, i.e., A is asymptotically stable (a.s.), and’
Q:i+K/BR;'R;R;'BiK; =0, i#j, ij=1,2, (6)
then the strategies
w=—L¥x=-Ri'BiK;x, i=1,2, (7)

satisfy (3) and J¥, J5 are finite. In relation to this, see Proposition 1in Ref. 4.
The proof of Proposition 1 in Ref. 4 does not hold under the assumptions
stated there; see Appendix A.

In the next section, we will deal with the solution of (4) and try to find
conditions under which solutions exist and yield a.s. A.

® For (6) to hold, it suffices for example that Q;=0, R; =0.
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3. Conditions for Existence of Solutions

We start by introducing the following notation:

K; 0 A 0 Q;, 0 0 I
k=[5 om0 2l =[S o) 7-lr o)
0 K, 0 A Q 0 QO J I 0
S1=B;RiiBi, S.=B;R:;B),
So1=BR53R1;R7 B}, Soo=B;RiiR21R11 B},

S 0 Sor 0
s=[5 o) [T s}
0 S, 0 0 Soz
where I denotes the # X n unit matrix. Using this notation, (4) assumes the
form

0=R(K)2FK+KF+Q~-KSK —KJSKJ ~JKSIK +JKISoJKJ. (9)
Consider the space X of 2n X 2n real, symmetric, constant matrices of
the form
M 0
=[5 b
0 N

where M and N are n X n matrices. X is a linear subspace of the space of
25 X 2n real matrices. All norms of the matrices to be considered here are
the sup norms,

|All=sup{|Ax||:]lx]| = 1},

and the norms of the vectors are the square-root Euclidean norms. It is easy
to see that, for Ye X,
Y]] = max(|M], IN1)-

We denote by I, the 21 X 2n unit matrix; and, for R =0, we set
Br={YeX:|Y|=<R},

i.e., Br is the compact ball of radius R centered at the zero element of X. We
define the function @ from X into X by

dK)=R(K)+K. (10)
Clearly, if K € X, then ®(K) € X, and ® is continuous. The following lemma
is proved by using Brower’s fixed-point theorem (see Ref. 13, p. 161).
Lemma 3.1. If, for some R =0,
BISlI+1SohR? + (1o + 2F|| - DR +]Q[| =0 (1)
holds, then there exists K € X, with |K || < R, which satisfies #(K) = 0.
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Proof. For A a fixed real number, we have
OK)Y=K(F+ Al +F' +{(1-NI)K+Q
—~ KSK —~ KISKJ — JKSJK +JKIS,JKJ,
from which, for K € Bg, using the obvious fact that [J||= 1, we get
()= R(IALo+ Fl|+ (1~ 1) o+ Fl) + [ Qll+ R*GIIS +[1Sal).
Since
o +2F||=[ALo+ F||+][(1 = A) Lo+ F],

with equality for A =3, we set A = 3 (best A ). The result now follows by direct
application of Brower’s theorem. 0
Let us introduce the transformation

K =ak, (12)
where a # 0 is a constant and K € X. Substituting K = aK in (9}, we obtain
0=R(K)=R(aK) 2R (K)
=(aFYK +K(aF)+Q-K(a*S)K - KJ (o’ S)KJ
—JK (a?$)JK +JKJ (a*So)JKI. (13)
Applying LLemma 3.1 to
D, (K) 2R (K)+ K,

we obtain that, if for some R =0 it holds that

Blsl+1Sole’R* + (I +2aA]- DR +]Q] =<0, (14)
then there exists K € X, ||[K| = R, which satisfies
R (K)=0.
But then
K=akK
satisfies

RK)=R,(K)=0 and |K|=l|a|R.

We thus have proved the following lemma.

Lemma 3.2. If for some o« #0, R =0, (14) holds, then there exists
K e X, |[K||=|«|R, which satisfies

R(K)=0.
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The scaling introduced in (12) helps to improve (11) and get (14},
because in proving Lemma 3.2 we applied Lemma 3.1 to a whole class of
®,’s which are nonlinear (quadratic in K ) and asked that at least one of them
have a fixed point via Brower’s theorem. As it turned out, if one of them (say,
®,) has a fixed point, then all of them have, since

Ra(8) = R(aS) = Rp((a/B)S),

although (14) may not hold for 8 # a.
Set

a=3|S|+IS,  b=II+2eAl, gq=[Q, e=V(ga). (15)
Then, (14) assumes the form
aa’R*+(h—-1)R+q=0. (16)
If a =0, then
B,=0 and B,=0.

and the game is meaningless as such. Therefore, assume a # 0. Inequality
{14) is satisfied for some R =0 iff

i) 1=b+2|ale,
or
(i) ¢g=0 and 1<b.

In Case (ii), R =0 is the only solution to (16), and thus Lemma 3.2
guarantees only the solution K; =0, K, = 0. Consequently, we will concen-
trate on Case (i), i.e., when

1zl +2aAll+2]ale a7n
If (17) holds, then (16) is satisfied for all R: R; =R < R,, where

1-b+V[(b-1)7—4a’€”

Ri,= Ya’a

=0. (18)

In this case, Lemma 3.2 guarantees the existence of solutions K, K, with
1K1l 1K = |e|R.
We have the following theorem.
Theorem 3.1. Let a>0. If, for some « # 0, (17) is satisfied, then for

every R:R; =R =R,, where Ri, R, are as in (18), there exist K1, K>
satisfying (4); such that

IKill=<la|R =a|R2= 2| All/ (3]SIl + |Sol) = M. (19)
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Proof. The proof has already been given, except for the right-hand
side of (19). Since

1=l +2aA - 2aA||= | +2aA|+2lal||A],

we have
1-b=2allAl,
and so
i 1=b V[ -b) ~da?e] _(1-b)+V[(1-5)] _ _
;(XIRZ =la| rdla = 2lala =2Al/a=M.
[

Notice in passing that M is independent of the magnitude of «. Before giving
the next theorem which provides us with necessary and sufficient conditions
for the existence of an a # 0 satisfying (17), we state the following lemma,
the proof of which is given in Appendix C.

Lemma 3.3. LetD beareal n X n matrix, v and p real numbers v # 0,
and A(I') = o+ jw be any eigenvalue of I'. Then, the following results hold.
i) It
il +~Tl=p, (20)
then

(c+1/y)+w =(o/v)" (21)

(i) y>0andp=1,theno<0oro=w=0 forevery A(').

(iiy fy<OQandp=1,theno>0o0ro=w=0forevery A{l').

(iv) LetT'=TAT™', where A is the Jordan canonical form of I'.
We set

p=ITHATTY, =1
If
I +yAl=p/p’, (22)
then (20) holds.
(v) If A is diagonal and

(c+1/y)+w’=(p/o'y)*
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holds, then (20) holds. In particular, if I" is symmetric, then (20) is equivalent
to (21).°
Theorem 3.2. Let A(A) =0 +jw be an eigenvalue of A.

(i) Ife=0and(17)is satisfied for some a # 0, then forevery A{A) it
holds that

o=ReA(A)<0orA(A)=0if a >0, (23-1)
og=ReA(A)>00rA(A)=0if « <0, (23-2)
(c+1/2a)*+w’>=(1/2a) (23-3)
1K, 1Kol = (1= +22Al)/|aa. (24)

(iiy If e #0 and A = —el, then any 0 <a = 1/2e¢ satisfies (17) and
K], Kol = aR>=¢/a. (25)

(iii) If e #0, A # —el, and (17) is satisfied for some a # 0, then for any
A(A) it holds that

o<—eorA(A)=—¢cif a >0,
(26)
o>+eorA(A)=¢if a >0,

and ||K4,, |[K2|| satisfy (19). Moreover, |a|<1/2e.

(iv) If A# —el(A #el)isdiagonalizable, A =TA T ! where A is the
Jordan canonical form of A, p' =T - |T7"|, and for some y>0(y <0) it
holds that

(c+e+1/y)V+w?=1/p'y? (o—e+1/y)>+w>=1/p'y%), (27)

then
a=vy/2(1+ey) (a=vy/2(1—¢€y)
satisfies (17).

$The assumption that A is diagonal in (v) is essential. As a counterexample, let

1

- 1
r=a=[ B s R
0 -3

in which case (21) is satisfied for all y:0<y=4; but, for x = (1/¥2)(1, 1y, one has {x|j=1,
I+ Dl =V +y*/4)> 1.
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Proof. (i) Expressions (23) follow from Lemma 3.3 (i), {ii}, (iii), and
{(14) follows from (19).

(if) The first part is trivial. Expression (25) follows as (24).
(iti) Let b=1/|2a|. Then, (17) yields

b—ez|pl +A] fa>0,
b—e=|bI+A| ifa<0.

Necessarily,
b—e>0.
Let
y=1/(b—e);
then,
1= +y(A+eD if a>0,
1= +y(—A+el)] if @ <0.
We set
I'=+A+el,
and we have
1= 1 +~T. (28)

Expressions (26) follow now from Lemma 3.3(ii)-(iii).
(iv) We bring (17) to the form (28) and apply part (v) of Lemma 3.3.
O

If A is symmetric, then the existence of vy satisfyving (27) is equivalent to
the existence of « satisfying (17). For (17) to hold, it suffices that

12V{tr [([+2aA) U +22A) ]} +2]ale.
By using the fact
IMIP <tr (MM),

it follows that the existence of an a > 0 satisfying (17) is guaranteed in the
following two cases (assuming that A is not a scalar).

(i) trA=<—e,
tr A'A <e?,
A=n-Ntr A’A+(tr AP +2etr A+(2—n)e’ =0,
1/2e =[—(e +tr A)—vAY/[2(e* —tr A'A)];
(i) trAA>é€
IrA<-—e
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We shall now consider the stability of the closed-loop matrix (5). Let
a' =4S +|Sol,
'=Vqa', €?=€+|S|-]lQ,
1= +V[(1-b)—4a’e%]

R 2a’a 29)
R, = 1—-bp+V[(1 —Zb)’2—4a26'2]’
2a°a
where a, €, g, b are as in (15}.
Theorem 3.3. Let Re[A{A)]<0.
(i) 1If, for some a >0, it holds that
1=|I +2aAl+2ae, (30-1)
1>|I+2aAl, (30-2)
a?SIR? < oS0l R +] (30-3)

then there exist K;, K, |Ki||<aR», i =1, 2, solving (9) and A given by Eq.
(5)is a.s.
(i1} I, for some a >0, it holds that

1= +2aA|+2a€, (31-1)
1> +2aAl, (31-2)
lQllor |ISoll # 0, (31-3)

then there exist K, K>, |[Ki| < aRj, i =1, 2, solving (9) and A given by Eq.
(5) is a.s.

Proof. (i) Relationship (30-1) makes Theorem 3.1 applicable. We
have

I+ 2aA|= M +2a(A~SaK; — S:aK)| < +2aA|+4a AISIIK].
Since, by Lemma 3.3, A will be as. if
M +2aA|<1

for some « >0, it suffices that

I +2aA]+4a?S]| K] <1.
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Relationship (30-2) implies R, > 0. Using K = aK and (19), we have that it
suffices that

(I +2aA|-1)R,+4a7S|IR3 <0;
and, since (14) holds for R = R,, it suffices that
40°|SIR: < (BlIS||+[ISclha*R3 +l|Qll,
which is equivalent to (31-3).
(ii) Relationship (31-1) implies that the inequality
a'&?R*+ (I +2aA|-1DR +g=0
is satisfied for all R : R} = R = R}, where
1= +2aA|£V[(1 = +2aAl)* —4a’e?]
2a’a’ ’
R} =R =0. Relationship (31-2) implies that R} > 0. If the above inequal-
ity holds for some R and «, then (14) holds for the same R and «, since

a=a'. Therefore, there exist Ki, K,, |Ki=aR3, i=1, 2, solving (9).
Repeating the analysis of (i), we have that, for A to be a.s., it suffices that

Riy,2=

4a"S|RY < @IS +]ISdha’RE +{Ql,
which holds by (31-3). [
If equality is allowed in (30-3) or
lQll=1Soll =0

in (31—3:}, then the conclusions of (i) and (i) in the given theorem change and
allow A stable, i.e.,

Re[A(A)]=0.

The geometric interpretation of the conditions given in Theorems 3.2
and 3.3 is given in Figs. 1 and 2. Figure 1 corresponds to Theorem 3.2, pa. is
(i), (ii), (iii), which say that a necessary condition for the existence of an a >0
satisfying (17) is that the eigenvalues of A lie in a disk centered at —1/2a
with radius r = 1/2a — ¢, for some o > 0, which is equivalent to saying that all
A(AY’s lie in the open half-plane on the left of the line €;, o = —e¢, or at —e,
Figure 2 corresponds to Theorem 3.2, part (iv), where it is assumed that A is
diagonalizable. It shows that, if the eigenvalues of A lie in a disk as in Fig. 2
with radius r= (1/«/p')(1/2a —¢) and centered at —1/2q, then this «
satisfies (17), and thus (9) has a solution. If A is symmetric, then p’ =1 and
8 =90°. If « <0, then we have the mirror images with respect to the jw-axis
of the circles, cones, and lines depicted in Figs. 1, 2.
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20 ~€

Fig. 1. Regions of eigenvalues of A in accordance with Theorem 3.2 (i)-(iii).

Employment of a different function @ in (10) and application of
Brower’s theorem may in general provide different, perhaps better, exis-
tence results. Another suitable ® can be defined as follows. If K solves (9)
and A (and thus F) is a.s., then K = K/a, where a > 0, solves equivalently
(see Appendix D)

+00
K= j exp(aF?)(Q — KaSK — KJa*SKJ — JKa*SIK
o
+JKJa?So KT yexp(aF't) dt. (32)
Let @, (K) denote the right-hand side of (32). Let also

A=TAT™,

1
tang = ===
“p-1

[@ ~A(a)]

Fig. 2. Region of eigenvalues of A in accordance with Theorem 3.2 {iv).
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A being the Jordan canonical form of A, with m X m the dimension of the
largest Jordan block, m < n. Let also a, g, € be as in (15), & >0, and

p =TT,
A =max Re[A(A)]<0, (33)

m

ww) =3 [G+D)Y1I0w/2) 7 for w0,

bi=
7 =m(1/(-ar)),
and €(m, a) >0 be such that
7(1/e(m, a))=1/2ae.

Clearly, €(m, a) exists and is unique, for given @ and m.

Theorem3.4. LetAbeas.and T, A, m, m, e(m, a)asabove. If it holds
that
X=—e(m, a)(1/a), (34)

then there is K € X which satisfies (9), and

IKl=aR,=a(1/2aa{1/p*# +(1/p*#* —4gaa”)}=2|X|/ap.
(35)
In addition, if A is diagonalizable (i.e., m = 1), then
e(l, a) = aep’

for every a > 0.

Proof. Let K =aK, a>0,|K|=R, R=0. In order to use Brower’s
theorem we ask for ||®,(K)||< R for some a and R. It suffices that

B (K| = ||j exp(aF)(Q — Ka’SK — KJa*SKJ — JRa*SIK
0
+JKJa*SoJKT ) exp(aF't) dt|
+0o

<1101+ @IS+ ISDa’R"] | lexplafd? di=R:

or, by using (69) (see Appendix E),
ae’R*—(1/p*#)R +q =0, (36)

which holds because of (33)—(34). The rest is easy to prove. O0J
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a>0

8

t
il
3
2
[

®
NANINN\

]
DI

= )

(@ ~ A

Fig. 3. Regions of eigenvalues of A in accordance with Theorem 3.4.

It is remarked that, if A is diagonalizable, then (34) gives A = —ep”.
Introduction of « >0 induces no improvement of the result, which is in
agreement with the fact that scaling cannot facilitate the existence of
solutions of (9). In case A has Re[A{A)]>0, we can have results similar to
those of Theorem 3.4 by employing « <0.

The geometric interpretation of Theorem 3.4 is given in Fig. 3 and
shows simply that, if the eigenvalues of A lie on the closed half-plane on the
left of the line €,

o=—e{m, a)/a,

for some « >0, then there exists K which solves (9). If A is diagonalizable,
then

~e(m, @)/ a =—ep?;

and, since p = 1, the line €, is on the left of €;. In this case, a combination of
Theorem 3.2(iv) and Theorem 3.4 gives an easily verified sufficient condi-
tion for solvability of (9).

Finally, Theorem 3.3 (ii) can be interpreted along the same lines as
Theorem 3.2, using Figs. 1 and 2, where €' is used instead of €. So, if ¢’ # 0, A
is diagonalizable, and all A (A)’s lie in a disk as in Fig. 2 with € in place of ¢,
then (9) has a solution and the closed-loop matrix Aisas. Ife'=0and A is
diagonalizable,

lQli=0, e=0,

then if the eigenvalues of A lie in the interior of the disk in Fig. 2, the same
conclusion holds. The version_of Theorem 3.3 with « <0 and Re[A(A)]>0
gives A unstable, i.e., Re[A(A)]>0, and is thus of no interest to us.



JOTA: VOL. 28, NO. 1, MAY 1979 63

We close this section with five remarks.

() The only assumption on the Q;, R;/'s used in developing the proofs
in this section was that R1;, Ry, exist. Neither Q;=0or Q; <0 or R;=0,
nor any controllability, observability, or optimality conditions were used.

(i) It
O =Q+KSK +JKJS.JKT =0
(it suffices that R, and R»; =0) and Ais a.s., since
A 071 [A oY -
QM Qxea
0 A 0 A Q
a standard result in Lyapunov theory yields K =0. Since
J ik =X f}Kixo
(see Ref. 4), we will have J¥ = 0 for every xo, as it should be expected in case

QE: Rij ZO: 59]= 17 2’
(iti) Consider the single Riccati equation

KA+A'K+Q—-KBR'B'K =0, (37)

where R >0 and A is a.s., with Q not necessarily positive definite. Then,
Brower’s theorem provides results which can be used to verify easily
whether the frequency condition of Lemma 5 in Ref. 11 holds. It is easy to
prove {as in Theorems 3.1 and 3.2) the following results.

{a) If there is @ > 0 such that
1=l +2eA|+2aV[|O}lIBR B}, (38)

then (37) has a solution K. If in addition
a?ISIR.<llQ], 1> +2aA], (39)
where

_ 1=l +2aA]+V[(A - +2aA])* - 4]Q] |BR B[]

R 28] ’

(40)

then A—~BR'B'K is a.s.
(b) If there is an a > 0 such that

12T +2aA|+2av2V[|Q||IBR B, (41)

then (37) has a solution K and A—-BR'B'K is as.
Let now Q=—-C'C =0, and assume (A, C) observable and (A, B)
controllable. Using Lemma 5 of Ref. 11, we see that (38) and (39) or (41)
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imply that
I-B'(—jw—A)"'C'C(jw—A)"'B=0  forallreal w. (42)
Also, since

K= f exp(FH{Q — KSK) exp(F't)dt and Q=0,
o

it will be
K =0.

(iv) Inorder to guarantee the fixed-point property of ®(K}, one could
have employed contraction-mapping machinery. Then, @ should map a
closed set Do C X into itself; in addition, ® should be Lipschitzian with
Lipschitz constant L, 0=<L <1, on D,. But, since ® is quadratic in K, Dq
should be bounded in order to guarantee that & is Lipschitzian there.
However, this amounts to D, compact, and we could consider D, a ball Bg
(w.l.o.g.). So, in order to use the contraction-mapping theorem, we should
have made assumptions to guarantee that . < 1, in addition to those made to
allow the use of Brower’s theorem, and this would result in a weaker
conclusion.

(v} The assumptions of Theorem 3.1 guarantee the existence of K,
K solving (4), which lie in Bg,. Thus, if the solution of (4) is unique, it will be
in Bg,. If not, then there may be additional solutions K, K5 in Bg, R > Ry,
which are not in Bg,, which solve (4).

4. Extensions

Let us now try to relax the assumption on A to be a.s. Two approaches
will be considered. In both of them, we use the solution of an appropriately
defined auxiliary problem in order to show existence of solutions to our main
problem via Brower’s theorem.

Consider first the optimal control problem

i=Ax+[B, Ele[Zl}, x(0) = xo, te[0, +00),
) /
© (43)
: 'S PNEY] [Z51
o e i)
where
i P

5.1 5 _ 2(R11+Ra1) 0 __[R1 0
G=XQ1+Q), R [ . {Roat Ru)}" ) éz] (44)

with R, R,>0.” Under certain assumptions (controllability—observability

7 For this to hold, it suffices that R; >0, R; =0, i#}, i, j=1, 2.
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and O =0, or see Theorem 2, page 167 in Ref. 14, or Remark (iii) in Section
3), there exists K satisfying

0=KA+A'K+0-K(S$;+S,)K, (45)
with

$,=B.R{'B\, $,=B,R3;'B),
such that

S
[l/ﬂ]:_[RiilB,lIfX} (46)
Uy Rz Bsz

solves (43), and such that

A=A—- (S, +$)K; 47)
i.e., the closed-loop matrix for (43) is a.s. Let
Ki=K+4, K,=K+A, (48)

be substituted in (4); and, by using (45), we obtain
0=MA+AN+0,(51+ 82— 81— SHR + R (S1+ 55~ 8:— S2)As
+A5(So1 — SK + K (So1 — 82)A2 — A1 8181 — A1S28, — A, S,A4
+ 058018, +301 — Q)+ K(§1+ 8+ 501~ 81— 8, - SH)K,
0= AoA + A'Ms+8s(S1 + 5o 81~ S)R + B (§1+ S5~ S, — $2)Aq
+A1(S02—S)EK + K (Soa— S1)A1 — 828,87 — Ar81A; — 8,514,
+ 8180281 +3(Q2~ Q)+ K (§1+8,+ 80— 51~ 8, - S1K,

where 8§, Sy, are given in (8).
Let g be asin (15) and

A, O
A= { 0 Az]’
p =K S+ 8~ 81— 8|+ s,
w1 = max{|[K (So1 ~ DK (So2 ~ SO},

G =max{|3(Q,— Q) + K ($i + $:+ 801 — 1 - 8>~ $2)K],
: H%(Qz“"Ql)+I€(§1+S~2+Soz—5‘1"52—51)12“}7

(49)

(50

b= W+ ZaA:ﬂ +2a,

- 1-5+V[(1-5Y—4a”a’G)
Ry= 2a’a )
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The proof of the following theorem is similar to the proofs of Theorems
3.1and 3.3.

Theorem 4.1. Let A, u, § be as in (47), (50), @ #0. Then, the
following results hold.
(i) If, for some a >0,

12 +2aAl+2alu +V(@d)], (51)
then there are Ay, A, such that
Ki=K+4,, K,=K+A,
solve (4) and
A= aRs.
(il) If, in addition to (51),
1> b, 012”5”[2’% <a?||SollR3 +2au1Ra+4, (52)

then the closed-loop matrix A [as in (5)] is a.s.
(iii) If, for some a >0,

121 +20Al+2a{u + i@+ IS4,
1>5, (53)
qor ||Sofjor u1 # 0,
then both (i) and (ii) above hold.

Proof. Equation (49) can be written as
0=AF+F'A+y(d)

+[%(01—02)’*‘1561+S~2+So1—51“52—52)lg
0

0
HQ2— Ql)+lz(§1+§2+502“S1“Sz—51)1?],
where
A 0
F= [ 0 A ] '

Using similar methods as in the proof of Lemma 3.2, we conclude that it
suffices that

aa’R +{{{I+2aé§§!—1+2ua}R +4=0 (54)
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in order for (49) to have a solution Ay, A,, where
18], lAf = aRr.

The rest follows as in the proofs of Theorems 3.1 and 3.3.

67

O

The usefulness of the approach presented is clear in case the game is
used to describe a situation where two independent controllers desire to
achieve the same objective using slightly different information {Q;} or

control effort (R;;).
Consider now the two independent control problems

[ee)

minimize J (x'Qix +urRuy) dt,
0

% =Ax+Bqu, x(0)=xo, tef0, +00).

and

[e o]

minimize J (x'Q2x + usRosuy) d,
0

X =Ax+Bou,, x(0} = xq, rel0, +co).
Under proper assumptions, the two Riccati equations
0=AK:+KiA+Q,-KS$:K;,
0=AK,+K,A+Q,-K,8:K,
have solutions K, K,,
u;=~-Ri{B\Kx, u;=—-R3B5Kx
solve (55) and (56), and
Ai=A-5K, A;=A-SK,
are a.s. Let
Fo [A 1 0

_ 1=F—-SK, Kz[
0 AJ

K=K, +A, Ky,=K,+A,,

Ay O
a=[ 1]
0 A

K, 0]
0 KJ

(55)

(56)

(57)

(58)

(59)



68 JOTA: VOL. 28, NO. 1, MAY 1979

Then, (4) can be written as

0=FA+AF —ASA—AJSAT —JASTA+JTAJSoJ AT — KISKJ
—JKSIK +JRJIS,JKT — KISAT — AJSKJ —JKSTA

—~JASJK +TAJSJKT + JKISJ AJ.
Let also

i = |[KS|+|KIS | +IKIS],
g = ||KISKJ +JKSIK — JKJIS.JKJ||,
b=\ +2aF||+ 2w,
_ 1-b+N[(1-b)*~4a’aq]

R2 = 2 Pl .

o a

Theorem 4.2. Let F, 4, g be as in (59), (61), a #0.
(i) I, for some a >0, it holds that
12| +2aF||+2a[d +(ad)],
then there exists A;, A; such that
Ki+A, Ko+h
solve (4) and
Al < aR..
(iiy If, in addition to (62},

1> 5, &”|ISIR3 < a?||Soll R +2a(|1KJSo| + |KISIDR2+ 4,

then the closed-loop matrix A, given by (5), is a.s.
(iii) If, for some a >0,

121 +2aF |+ 2a{a +V[a(@ + ISP,
i>b,
gor [Sollor |[KJSo| +[IKJS] 0,

then both the conclusions (i) and (ii) hold.

Proof. Working as in Theorem 4.1, it suffices that

ac’R*+[|I +2aF||-1+2a4i]R+3 =0

(60)

(61)

(62)

(63)

(64)

(65)



IOTA: VOL. 28, NO. 1, MAY 1979 69

in order for (60) to have a solution A, where
Al =eR,

and so on. L]
The usefulness of this approach lies in the fact that the results which
pertain to the case where the system is controlled separately by the decision-
makers can be used to check the existence of the solution when the two
decision-makers control it jointly and use Nash strategies.

Theorems 3.2, 3.3, 3.4 and the interpretations in Figs. 1, 2, 3 hold also
for the two approaches presented, with the appropriate modifications. For
example, for Theorems 3.2, 3.4, Figs. 1, 2, and the first approach, one
should use A, u +v(ag), u +V[(a +|S|)§] instead of A, ¢, €, respectively.

Finally, note that the existence results in all cases developed previously
are dependent on the parameter ¢ (or €'). Since € is a function of the
weighting matrices and since rescaling the criteria will affect the weighting
matrices, it is of interest to point out how this scalling affects the existence
results. Nothing changes in the game if we have

Jrl’ =ri']i’

instead of J, r,>0, i = 1, 2. So considering ».Q,, r:R;; instead of Q,, R;; we
have

€” =max(r|Qill, 2l Q23 max(|S1))/r1, §Sall/ r2) + max(Soill/ r1, [So2ll/ r2)]
or

€’ = &*(r) =max(|Qu|l/, Qo)) - [3 max(r||$:, [Sal) + max(r||Soull, [Soal)],

where r = rp/r;. Carrying out the minimization of €*(r) with respect to r, we
find the minimum *

e* =V{3max[|Qul - IS:f, Q2] - IS201+ max{|Qll - [Sorll Q] iiSozf!}}'{éé\
)

The value of r* at which e(r) becomes minimum is given by the following.
Let

ra = min{|S2/1S 1, 1So2llSorl),  re =max(IS2ll/[IS1], 1So2ll/1S0: D,
F=ll04]/llQ:l

Ir 7=, s 15, then r* is any point in [7, r.].
HfrosF=srg thenr¥=F
If r, =rg =7, then r* is any point in [7g, 7].
For €’ as in (29), the same analysis holds, and the optimum & is given
by a relation exactly the same as (66), but with 4 multiplying the first term
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instead of 3. We can consider in all of our conditions that €(¢') is given by
(66). Notice also that a similar procedure will give the minimum values of
“ +~/(aq), see (50), (61). It is interesting to notice that, if 7 =<r,, then all
r:F=r=r, give the same €*. Actually, as (3) indicates, the existence of
solutions for the game should not depend on multiplying J; or J, by a
positive constant. Our conditions have at least preserved this property for an
interval [F, r.] or [rg, F].

5. Conclusions

This paper provides partial results concerning the existence of linear
Nash strategies. The applicability of fixed-point theorems (Brower’s
theorem) was demonstrated, and some existing results were interpreted ina
new manner [Remark (iv) in Section 3]. The generalization of our results to
the N-player case is obvious. It should be pointed out that, for many of the
conditions presented, no assumptions of controllability, observability, or
semidefiniteness were made. Therefore, we have singled out a region of
parameter space (A, B;, Q;, R;) where the existence of solutions does not
depend on controllability and observability. This region is necessarily
contained in the region where A is asymptotically stable, or is the neighbor-
hood of a parameter point for which a solution of an auxiliary control
problem exists. Qutside this region, the existence of solutions will depend in
general on controllability and observability properties, but presently condi-
tions under which existence can be guaranteed are not known.

6. Appendix A

In Ref. 4, Proposition 1 states that gi~ven (1), (2), where Ry, Ry >0,
then if K, K, satisfying (4) exist and A, given by (5), is a.s., then the
strategies (7) satisfy (3). This is not true, as the counterexample

-+ OO

Xx=x+u+uv, —f2=Jl=J’ (x2+u2—-202)dt

0
demonstrates. This example is used in Ref. 9 to show that, in the zero-sum
case, the linear solution for the game over a finite period of time [0, T] does
not, as T - +0c0, tend to the linear solution of the infinite-time case. But, if
one makes additional assumptions, then the conclusion holds.
The correct form of Proposition 1 in Ref. 4 is the following.

Proposition 6.1. Given the system (1) and the two functionals (2),
where Q,, R;; are real, symmetric matrices and R;;, Rz >0, assume that
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there exist real, symmetric matrices Ky, K, satisfying (4) and (5) and either
(i) or (ii) hold:

iy Q+KR;'R,R;'K;=0, i,j=1,2, i#]
(i) The two control problems
o0
min f (x'[Q+KR;'R;R; K/ x +ulRau) dt, i#j, i,j=1,2,
0
% =(A—-BR;'BK))x + B,

satisfy the conditions of Theorem 2, p. 167 of Ref. 14. Then, the strategies
(7) satisfy (3) and J¥, J% are finite.

7. Appendix B

The case where at least one of J¥, J5 is +00 can also be examined. For
example, if we are interested in a linear Nash equilibrium where J§ =+
and J§ is finite, then this amounts to seeking

u; = —L,’-kx, i= 1, 2,
where (i), (ii), (iii) below hold.
(i} The control problem

j2=-[ (x'(Q;Z'{“LT’RmL;k)X +u2R22u2) dt:
0

X = (A —BlL’f)x +B2u2

has J5 =minJ, finite. For example, assume controllability and Q,+
LY¥'RuLT=0.
(i) The problem

+00
J= J (x(Q1+LER2LE)x +uiRyuy) di,
(¢

X = (A*BzL;f)x +B1u1

has J; =40 for every u;=-—Lyx, which means roughly that some
uncontrollable mode A of the pair (A — B,L%, B;), which does not lie in the
null space of Q;+L%5R,L%, has Re[A]=0.
(ili) The following hold:
L% =R% B5K,,
Ko(A~BiLT)+(A~BiLY) Ky +(Q2+ LY’ Ry L) — K2 B3R 33 B4K, = 0.
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Similarly, one can form conditions for the cases

Ji=Jf=x0 J¥=—c0,  J%finite.

Ed

8. Appendix C: Proof of Lemma 3.3
(i) Let v be an eigenvector of I corresponding to o +jw = A(I') and
lol|=1, w.lo.g. Then,
p=|I+yT|= [T +yDo|=[1+y(o+jw),

and (21) follows.

(i) Thisfollows trivally from (21) by noticing that (21) corresponds to
a disk with center at —1/y and radius 1/|y/|, which, in case y>0and p =1,
lies in the left half-plane of the (o, jw)-plane.

(iii) See (ii) above.

(iv) The proof is trivial.

(v) This follows by using (iii). If I" is symmetric, then

T'=T"'  and|T|=|T)|=V[A max(T"T)]=1,

and thus

p =1 U

9. Appendix D

Consider the matrix differential equation

Ki=KA+A'K;+Q;—Ki18:K: —K15:K,— K28, K1 + K80, K3, (67)
K, =K, A+A'Ky+Qr—Ky5,K, — Ko S1 K — K181 K>+ K186, K1,  (68)

where K, K, are time-varying, t =0, and

Ki(0)=T1, K(0)=I>

are the initial conditions. Then, it follows that, for £ =0 sufficiently small, it
holds that

t

K, (1) =explAnexp(A't) + J exp(Ag)

0

X [Ql - K18 K1—K18$:K, - K»S$:K, "!‘KszKz] exp(A’a) do,
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and a similar result holds for K,(¢). The constant matrices I'y, I'; solve (67),
(68) iff

1

'y =explAnTexp(A'r) +J exp(Ao)

O
X [Ql - F131F1 —~ 18,1, — FzSQF1 -+ F2S01F2] exp(A’a) do,
and a similar result holds for I',. Because A isa.s. and 'y, I'; are constant, the
integral

+00
Ico = J exp(Acr){Ql —*flslfl — I‘IS2F2 “FzSzFl + TzSOlrz} exp(A’a'} dU’
O

exists. Also, with w =g ~1,

+00
J' CXp(AO")[01 ~T S~ 1380, — 158 + FszFz]CXp(A’(J') do

= J’ explA(w +1)]J[Q1 TS5~ T8I - T8
o

+ 12802 ]explA'(w +1)] dw
=exp(At) . exp(A'L),
and thus

t

.
0

from which we conclude that

+I =f +exp(Af)loexp(A't),
t 0

Io=T,.
A similar result holds for I';. Introducing scaling,
F=als, a>0,
and setting
K =T,

we have (32).

10. Appendix E

It is easy to see that

lexp@E)|=|THTHlexp(An).
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Let >0 and

0
where the J/'s are the Jordan blocks of dimension my, . . ., my, With

mi+: - t+me=n.

Let
1 g1 220 Lo Y (m— 1)
exp (Jit) = exp(A:£)A; = exp(Ai) :
0 1
Then,
lexp(An]|= max [lexp(ain)Ai =exp(ir) max [A.
i=1,..., i=1,...,
We have
- ) B
12t - 172 =1)!
| .
01 1 A
A=1+ i =]+[_9._:_.t._'}
Lo 1 01 0
i
T
0 : 0
So, if
x=(x1,...,xg)'ERi, i=(X2,...,xi)’,
then

= sup Jael= sup, {lxl+ 181}

=14+ sup_ |AF|=1+ tlsup [A:&] =1+ Al

x5+ +xi=1 [£]l=1
For A;, we have
1 y2! £#/2-3 .0 £72...G-1)
A= IR :
0 R |



JOTA: VOL. 28, NO. 1, MAY 1979 75

o 1 3 ... 7361
| (4/2)
=I+0
§ 0 1
o o
T 01 (¢/2)A,
e[ 4128]

We have again

lAf =1+ A,
and thus

A= 1+ L1+ (/2B
Continuing similarly, we end up with
JIAl=1+e(0+e/200+/3(.. (Q+t/i=2X1+Hi—1) ...
=1+t/1+2/20+ -+ 7= DL

Therefore, if
m =max(my, ..., m),
then

lexpEN=ITINT Il lexp(Ad]

Il espan(1+ Lo+ Y =0T (5

(m—1)! i=o \j!
Direct calculation (recall that A <0) gives
+0o <400 _ m—1 tj 2
J lexp(F|f dt < p? f exp(Z/\t)[ ¥ (T)} dt
[4] [¢] =0 \J!

i+i

=t [ Y ewi2in fa
o iyl

Li=0
m—1 {l-i—;)‘( 1 )i+j+1 _
2 2
B —2A =p m(=1/A). (69
P simo I \=2A prm(=1/4) (69)
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