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Abstract. The purpose of this paper is to study a particular recursive
scheme for updating the actions of two players involved in a Nash
game, who do not kinow the parameters of the game, so that the resulting
costs and strategies converge to (or approach a neighborhood of) those
that could be calculated in the known parameter case. We study this
problem in the context of a matrix Nash game, where the elements of
the matrices are unknown to both players. The essence of the contribu-
tion of this paper is twofold. On the one hand, it shows that learning
algorithms which are known to work for zero-sum games or team
problems can also perform well for Nash games. On the other hand, it
shows that, if two players act without even knowing that they are
involved in a game, but merely thinking that they try to maximize their
output using the learning algorithm proposed, they end up being in
Nash equilibrium.

Key Words. Nash games, learning algorithms, bimatrix games, games
with incomplete information.

1. Introduction

The purpose of this paper is to study a particular recursive scheme for
updating the actions of two players involved in a Nash game, who do not
know the parameters of the game, so that the resulting costs and strategies
converge to (or approach a neighborhood of) those that could be calculated
in the known parameter case. We study this problem in the context of a
matrix Nash game, where the elements of the matrices are unknown to both
players. The essence of the contribution of this paper is twofold. On the
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one hand, it shows that learning algorithms which are known to work for
zero-sum games or team problems can also perform well for Nash games.
On the other hand, it shows that, if two players act without even knowing
that they are involved in a game, but merely thinking that they try to
maximize their output using the learning algorithm proposed, they end up
being in Nash equilibrium.

In the context of zero-sum games and team problems, schemes similar
to the one examined here have been studied in Refs. 1 and 2. In Ref. 3 a
Nash game and in Ref. 4 a Stackelberg game with unknown coefficients are
considered. The costs in Refs. 3 and 4 are quadratic, whereas in Refs. 1
and 2, as well as in the present work, the matrix game models are employed.
These types of studies can find applications in situations of conflict or
decentralized decision making where several parameters are unknown, as
for example in economic systems where the agents do not know each other’s
parameters, in traffic routing of telephone or computer messages (see Refs.
1 and 2), in military systems, and elsewhere.

The structure of the paper is the following. In Section 2, a complete
analy:is of the 2 x2 matrix case is provided. It is shown that, if the static
game with known parameters has a unique solution, then the proposed
schemes for the unknown parameter case converge in strategy and value
within e to those of the known parameter case, where € is controlled by a
certain parameter. It should be pointed out that the strategy pair considered
is not a solution of the constructed dynamic game, but that it approximates,
as time goes to infinity, the solution of the static game with known para-
meters. If the unique solution is a mixed one, the rapidity of convergence
decreases as € does. The study of the proposed schemes is reduced to the
study of an associated differential equation, which is essentially our central
subject of scrutiny. For the 2 x 2 case, the differential equation is analyzed
in Section 2.1. The possibility of limit cycles (an issue overlooked in Ref.
1) is ruled out.

The more general M x N matrix case is introduced and briefly discussed
in Section 3. Although a relatively satisfactory analysis of the equation is
possible for the 2x2 case, the M x N case is considerably harder. Some
results are given, and some important issues concerning further study
associated with the differential equation pertaining to the M X N case are
also delineated in Section 3.

As was mentioned in the previous paragraph, the study of a differential
. equation is quite crucial to this study. It should be pointed out that a related
differential equation, which represents an algorithm for solving zero-sum
games, was first introduced and studied in Ref. 5. The differential equation
of Ref. 5 pertains to the known parameter case and does not cover the
differential equation considered here.
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2. The 2x2 Matrix Case

Let us first review some known facts concerning the simple 2x 2 Nash
matrix game with known parameters. Consider the two matrices

A :[au au] A =[bn b!Z:}
! ;. dyp ’ ° by by ’

and let

S={[xl]: Xyt x,=1,x,=0, x220}.
Xz

Player 1 chooses rows, while player 2 chooses columns. A pair (x*, y¥)e
Sx § is a Nash equilibrium if

Vi=x*Ay* = xA 5%, ¥xesS, (1a)
Vo=x*Ap*=x%A,y, VyesS. (1b)

The pure solutions are:

1] 1

(I x* = ol y*= ol if @)y = ay; and by = by
1] "o

(I x*= ol y*= 1l if a;;=ay; and b= by
"o 1]

(I x*= 1P y*= ol if ay;=a,; and by = by

% 0] ® 0] :
(IV) X" = 1 s Yy O™ 1 N if 0222 s and b222b21.

The mixed solutions are:

by~ b
x*=[1/(bn—bu+b22-b21>][ * 2‘], (2)
bu"“blz
y*=[1/(an—au+azz-au>1[“”"“”], 3)
Ay~ dyy

if

(ay — an)ay—a,) =0, (b1~ by2) (b~ by} =0,
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and the denominators in {2) and (3) are nonzero. It is easy to see that pure
and mixed solutions can coexist. The only cases where there exists a unique
solution which has to be mixed are

a1 > Gy, a4y > Ay, by <bys, by, <by, (4a)
or

a; <am, Gy <y, by1> bya, byy> by, (4b)

2.1. Problem Statement. Let us consider the matrix game where the
2 x2 matrices A;, A, have elements

0=a;=1, 0=b;=1.

If player 1 chooses row i and player 2 chooses column j, then player 1
receives a gain equal to 1 with probability a; and pays 1 with probability
1—ay, whereas player 2 receives a gain equal to 1 with probability b; and
pays 1 with probability 1—b;. Let us assume that the players do not know
the elements a;, by. The game is played repeatedly and, at each instant of
time, the players choose a row and a column respectively and all that they
learn is whether they win or lose one unit. The question is how they should
choose a row or a column so that, as time goes by, things work as they
would in the case where A;, A, were completely known to them.

One way of going about this problem is the following. At time k, player
1 chooses a probability vector

S
= PN =0, pak) =0, py(k)+ palh) =1,
_pz(k)_
and player 2 chooses a probability vector
S
ao={ T =0, (k) =0, (k) + ga() =1,
..‘b(k)_

meaning that row i and column j are chosen with probability p:(k)q;(k),
and thus player 1 receives gain 1 with probability a; or loses 1 with
probability 1—ay, given that row i and column j were chosen. Player 1
knows p,(k), p.(k), knows whether row 1 or 2 was chosen, and also knows
whether he gained or lost one unit. Similar things hold for player 2. Based
on this knowledge, player 1 updates the vector p,(k), p,(k) by

pk+1) | pi(k)
[Pz(k+ 1)] - ([pz(k)]’ e e”‘) ’
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where

{1, if row 1 was chosen,

o = .

1 2, if row 2 was chosen,
1, if 1 unit was gained,

€=

-1, if 1 unit was lost.
Similarly, player 2 updates q,(k), g,(k) by

ql(k+1>]: ([qu)] )
[qz<k+1> P\ Lgati J: o2 €2

where
1, if column 1 was chosen,
Fake = {2, if column 2 was chosen,
1, if 1 unit was gained,
b = {-1, if 1 unit was lost.

For a given pair of functions F,, F,, the vector[ p;(k+1), p,(k+1), g, (k+1),
g.(k+1)] is a random vector, the probability distribution of which depends
solely on [ p,(k), p(k), q.(k), q.(k)]’, and thus we deal with a Markovian
process. The issue now is how to choose F;, F,, so that this Markovian

vector behaves, as k- +00, in an appropriate way. For example, it would
be desirable to have that

[p:(k), pa(K)] > x*, [q:(k), (k)] -~ y¥,
E[p(k)A,q(k)]->x*Ay*,  E[p(k) Axq(k)]->x*A,p¥,
where x*, y* are as in Section 2. In the next section, we consider a particular

choice of Fi, F, and study the resulting behavior of p(k), g(k).

2.2. Analysis. Since we deal with the 2x2 matrix case, we need to
consider only p,(k), q,(k), which we from now on denote by p(k), g(k).
The following type of F,(k), F(k) is chosen:

r0)‘1(1“.}’(16)): lf a1k=1a Elkzla
_0)\2p(k) lf alkzla E1k=——19
k+1D)=pk)+ 5
PUED=2(0%Y o) (), if @y =2, By =1, ®)
LOA (1~ p(k)), if @y, =2, Ejp=~1,
(B, (1 —q(k)), if aye=1,eu=1,
_GIL"ZQ(k), if Ay = 19 €y = ‘1’
(k+1)=q(k)+{ . 6
1 1 —0u,q(k), if @y =2, ey =1, ()
L Oua(1—q(k)), if ay=2,ey=-1

s
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where 0, A, A,, p, p, are nonnegative constants, with
1= 064, 1= 60u,.

Thus, by construction,
0=p(k+1)=1, p=qk+1)=1.

This scheme is called linear reward penalty ergodic (LRPE) algorithm; see
Ref. 1. Each of the four cases in (5) and of the four cases in (6) occurs
with the following respective probabilities:

p(k)[anq(k)+an(1—q(k)],
p(K)[(1—ayy)q(k)+(1—a)(1—q(k)],
[1—-p(k)][azq(k)+ ax(1-q(k)],
[1-p(K)(1—ax)q(k)+(1—axn)(1-q(k)],
q(k)[b11p(k)+ by (1-p(K)],
q(k)[(1=by,)p(k)+(1—by)(1—p(k))],
[1—q(k)][b1p(k) + bp(1-p(k))],
[1-g(K)][(1—by2)p(k)+ (1 —byn)(1—p(k))].
It holds that
E[[p<k+1>—p(k)] ’ [p(k)]] _ o[wl(mk), q(k))] o
g(k+1)—q(k)]ILq(k) Wa(p(k), q(k)) )’
where
Wi(p, 9)=A,p(1-p)lanq+ax(1-q)]
")‘ZPZ[(I_au)q+(1_012)(1“‘])]
—Mp(1=pllang+ap(l1—q)]
+A:(1=pY[(1-axn)g+(1-ax)(1-9)], (8a)
Wap, 9) = 119(1— )by, p+ b (1-p)1— p2g°[ (1~ byy)p
+(1=b2)(1—p)]— 191 —q)[b12p + brr(1-p)]
+pa(1 =) [(1=by)p+ (1= b)(1-p)]. (8b)

For 0 very small, we anticipate (and this will be substantiated later) that
the evolution of [ p(k), g(k)]" will follow the evolution of the differential

equation
¢ w.
[x] _ [ 1(x,y)]. ©)
y W2(x’ )’)
The following theorem is an easy extension of Theorems 2.2, 2.3 and
6.1 of Ref. 1.
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Theorem 2.1. Assume that the differential equation (9) has a unique
equilibrium point in [0, 1]x[0, 1] which is globally asymptotically stable
there. Let x(0) = p(0), y(0) = g(0). Then,

p) - FT07]

E [ [q(k)—x(k) a(]] =@
"za(k)}l[p(m}‘ {mﬂ

E[-q(k) ¢ 1) = Ly | 7O

[ p(k)”[pm)‘ } _

lq(k) a(0)]] =0

lim|n, (k)= Vi|=0(6), k->+0,i=1,2,

(o 20 T )
noo=([,"% D)a(e 25.]) =12

uniformly for all k=0 and p(0), g(0). Here, V,=the value for player i in
the known parameter case; see (1). [

Va

~

where

It is clear that all the results of Theorem 2.1 hinge upon the behavior
of the differential equation (9). Let

A=h/h, =g/, 0=0020,5(0) =y((0/ ) - 1)
Letting 6 - 0 corresponds to 60, and thus (9) becomes

%] _ W«x,;n]
L?] [Wz(x,f) : (10)

Wilx, §) =x(1=x)[(ay, + ap— ar— a,)§ + ay, — a]

+FA{X[(an = a)P+an— 11+ (1~ x)[(az—a2,)F + 1 - as]},
Wix, ) = $(1 = 5)[(b1y+ by = by~ by ) x + by = by, ]

+ u{F71(bry = bay)x + by ~ 1]+ (1= $)°[(br; ~ byo)x +1—byo]}

Next, we will study (10), where for notational simplicity we will use y
instead of #.
If x=0, then

where

X=Al{an—ay)y+1—an]=0, for ye[0, 1]
If x=1, then
X=Al(ay—ap)y+a;,—1]=0, for ye[0,11].
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Similarly,

y=0, if y=0,
and

y=0, if y=1.

Thus, the solution of (9) remains always within the square [0, 1]x[0, 1] if
it starts there. The phase portrait of (10) can be obtained equivalently from

dx/dy = Fi(x, y)/ Fa(x, y),
where
Fi(x,y)=[(a;+ay—ap—a)y+a;;—ax]
+ M/ [y =y)Ix/(1=x)][(a1, ~ ar)y + a2~ 1]
+[(A=x)/x][(az—ax)y+1-ax],
Fy(x,y) =[(by;+ bay— bya = b2y)x + by — bys]
+p{1/[x(1 = x)Hy(1 = y)][(by — ba)x + by —1]
+{(1=y)/ Yl (b2 = b12)x + 1= bys).
It holds that
3F,/9x +aF,/3y
= =M/ [y =B/ (1 -x) (e~ an)y +ap]+(1/x7)
X [(ap=ax)y+1-ax]]
— p{1/[x(1 = x)]H[1/ (1= p)*1[(bos = by)x +1= by ]+ (1/ %)
X[(bay = by2)x +1—bs]l;
and, since A >0, u >0,
aF,/ax+dF,/ay <0, for (x, y)€(0,1)x(0, 1).

Thus, by the criterion of Bendixson (see Ref. 6, p. 238), the differential
equation (10) has no limit cycle in (0, 1) X (0, 1). It should be noticed that
A does not need to equal pu.

Next, we investigate the equilibrium points of (10); to this end, we
consider the equation

Wl(x5 J’)=0-
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Let us assume that 1> g;. It holds that
Wi(0,0)=A1(1—ap)>0, Wi(0,1)=Ar(1-a;)>0,
Wi(1,0)=—-A{1—a,,) <0, Wi(1,1)=—-A{1—a,} <0,
W0, y)=Al{arn—a)y+1-a,1>0,
Wi, yy=Al{a—aply+a,p—11<0,
W {0,7)=0, where 7= (1—dy)/{a ~ ay),
Wi(1, 7) =0, where 7 =(1-a)/{a,;—ap),

Wilx, y)=0Sy[N(x,A)/D(x, A)], (11a)
where
N{x,A)=((1-2A)a,— a22)x2+[a12 ~ @t 20 (A~ 1)]x+A(1-az)),
(11b)

D(x, ) ={((1=A)(—ay +ayn+a;,+ay)x*
+—ay —dagt a+ ay 20 (A0 — ayy ) ]x + A(ay — a0,)). (11¢)
Since
wi(0, y) >0, Wi(1, y) <0,

and since W (x, y) is quadratic in x for each y, there is a unique x for
which Wi(x, y}=0, with 0=x=1, D(x,0) has roots x=0, 1 and

D(Oa ’\} = "\(322_&21)9
D(1,x) = Ala; —ay).

Thus the denominator of (11) becomes zero, for x close to 8 orto 1, if A
is very small. N{x, 0} has roots x=0, 1 and

N0, 1)=—-A(1—a,) <0,
N(1,A)=A(1—a,,)>0.

Thus, N(x, A) has a unique root between 0 and 1 which is close to 0 if
ay+tay—a;—an>0.

Finally, notice that, if A is very small, then the curve Wy(p, q) =0 follows
closely the line

g*=(an—ap)/(a,+an—a,—ay),

for pe (0, 1). Using all these facts, we conclude that the curve Wi(p, q) =0,
for A >0, A sufficiently small, is as in Fig. 1 or Fig. 2, where the asymptotes
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€ |€2

Fig. 1. Case where a = a,, +dy—a~ a5, > 0.

€,, & are close to x =0, x =1 respectively. The point g* could be anywhere
in the real line. Similar results hold for the curve W,{(p, g} =0, under the
assumption 1> by, where the role of a will be assumed by

B=by+bi,—by,—by
and that of g* by
Pp*=(byy—by)/ (b1 + by — by~ byy).

Considering the signs of a«, 8, and considering whether p*>1, p*<0,

& &

Fig. 2. Case where o = a,(+as;~a;;—a,,<0.
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T

olf 1 p*

Fig. 3. Case where @>0, §>0 and g*>1, p*>1.

0<p*<l, q*>1, q*<0, 0<q*<1, several situations, concerning the
intersections of W, =0, W, =0, can arise. Some of them are delineated in
Figs. 3-6. Twelve similar cases can appear by considering the a <0 case.

The general conclusion is that, if A > 0, u > 0 are sufficiently small, then:

(i) if aB <0and 0<p®*, ¢g* <1, then the curves W, =0, W, =0 inter-
sect at a unique point which is close to (p*, g%); the point (p*, ¢*) corre-
sponds to the unique Nash solution of (1), which has to be mixed; see Fig. 6;

(ii) if aB>0 and 0<p*, g*<1, then the curves W,=0, W,=0
intersect at three points, one of which is close to {p*, ¢*), a mixed solution
of (1), and the other two are close to the pure solutions of (1); see Fig. 5;

T ——
y

°ll

Fig. 4. Case where a>0, >0 and ¢g*> 1, 0<p*<1.
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)
9 W] =OI
1 W =
W,=0
g% - -
i
i
|
Sm——— i o
0 p* 1 i)

Fig. 5. Case where @ >0, §>0and 0<g*<1,0<p*<1.

(iii) in all other cases, W,, W, intersect at a unique point which is
close to the pure solution of (1).

In terms of studying the stability behavior of (10), only the cases of
Figs. 3, 4, 5 and 6 need to be considered, since the study of the other 20
cases can be seen to be equivalent to the cases of Fig. 3, or Fig. 4, or Fig.

5, or Fig. 6.
Case A. See Figs. 3 and 7. In this case,
(@>0,g*>1,8>0,p*>1)
(A —a;> ax —ay >0, by — by > by — by > 0).

q4
W, =0 /
!
=

q‘ib——-

1

|

‘:L ___W2=O
of & 1T ~

Fig. 6. Case where >0, B>0and 0<g™<1, O0<p¥<1.
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In Fig. 7, the arrows indicate the direction of (¥, #). The Jacobian of

( Wl 3 WZ)’ is

J:[(l_ZP)(a'Q'*'au‘azz) ap(1—p)
Bq(1—gq) (1-2g)(Bp+ by —by)

at the point p=p, =0, g = g, =0, the point of intersection of W, = W, =0,

the above Jacobian equals approximately

}1“0(/\,#);

Q12— axn 0 -§
J=[ +O(A, p). {12
0 . (A, 1) (12}

Thus, the Jacobian has two negative eigenvalues, and (p,, ¢;) is locally
asymptotically stable. Since there is no limit cycle, it is globally asymptoti-
cally stable in (0, 1) x (0, 1).
Case B. See Fig. 4. In this case,
(>0,4*>1,8>0,0<p*<1
S(an—an>ay—a;,>0,by—b;,>0,by— by >0).

The local stabiliy analysis is the same as for Fig. 3.

Case C. See Figs. 5 and 8. In this case,
(>0,0<g*<1,8>0,0<p*<1)
S (an> aiz, Q11> Gz, by > byy, by > byy).

The directions of (X, ¥) in the several areas are shown in Fig. 8. The pairs
{P1, 91), (P2, 9-), which are close to the pure strategy solutions, are locally
asymptotically stable, whereas { p, 4), which is close to the mixed solution,
in unstable since the Jacobian at j, § has a positive eigenvalue; see {12).

\ W, =0

"4/

x¥

Fig. 7. Case where >0, 8>0 and ¢*>1, p*> 1.
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7 W,=0
| +\
qz"——\ —————— {W2=O
ao—-——-'
|
|
1
q !
o' P2l X

Fig. 8. Case where >0, 8>0and 0<g*<1, 0<0*<1.
Case D. See Fig. 6. In this case,

> <
(a>0,0<q*<1,B<O,0<p*<1)@(a‘1 az, by b12).

> a, by<by

There is a unique solution of W, =0, W, =0, which tends to (p*, q*) as
u, A = 0. In order to study the local stability properties of (p, §), we consider
the Jacobian of W,, W,. For convenience, let A = p. It holds that

=[6W1(p(A),q(A),A)/ap aWi(p(), qm,A)/aq]
aW(p(2), g(A),A)/ap  aWx(p(A), q(1),A)/aq

— 0L+ [awl(p(A), g(A),1)/ap sWi(p(A), (1), A)/aq]

aWH(p(A), q(A), A)/op aW(p(r), q(A),A)/dq

H{[ @Wi(p(r), g(A), A/adap & Wi(p(h), g(A), 1)/9A aq]
P Wa(p(A), g(A),A)/9x9p & Wa(p(1), g(r), 4)/94 99 s~

(GGG (G ()G
op® /\oA ap 8q/ \oA agq op/ \oA ag” J\oA
GGG G (EE)
ap® J\aA op 3g/ \oA ap ag/ \aA ag® J\or/ 1) azo
(13)
Since W;(p(A), g(A), A)=0, we also have the relations

(oW,/ap)(ap/or)+ (W /aq)(aq/or)+aW,/3A =0, (14a)
(3W,/6p)(ap/ar)+ (3W,/aq)(3g/ar) +aW,/aA=0. (14b)
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Using the fact that p(0)=p*, g(0) = g%, (13) and (14) become
J- [an/ap GWI/aq:l
[0 e
Bg*(1-g%) 0

+A[*2{(azz‘azx)q*+1"azz] 0 ]
0 ”2[(b22”b12)P*+1_bzz)]

481

+)t{[ 0 P*z(au‘aiz)+(1—P*)2(azz“azl)}

q*2(51,~b21)+(1—q*)z(bzz—blz) 0
0 —2a ~2a 0
+[0 —23][6P(0)/8A]+[_23 O]{aq(O)/aAJ}+O(A),
where
[0 “P*(l“P*)Hap(O)/aA]
bg*(1—q*) 01Laq(0)/aA

[ P*2[(011 —ap)g*+a;,~-1]1 ‘P*Bz[(azz“ a21)4*+ 1—a,)}
q*z[(bu =by)p*+ by~ 11+ (1~ q*)z[(bzz" by)p*+1—by,)]

1)

Thus, the Jacobian is equal to

(15)

(16)

J;_[ 0 ap*@—P*)]H[“M *"f}mw), an

Bg*(1-g™) 0 toy

where

wy={(ay— aZl)q*+(1 —ay)][2+(1 ““ZP*)Z/P*U -p*)1>0,
2=[(by— blZ)P*+ (I-b)l2+(1 "253*)2/51*(1 “q*)} >0,

o= ~(a/B{(1-2p")(1-24%)/[q*(1 - q™)]}

X[(ba— blz)P* +1—by,] +P*2[a11 —a;}+(1 —p*)z[a22~ ax],

o =—(a/B){(1-2p*)(1-2¢%)/[ p*(1-p*)}

x[(axn— az;)q*+ 1—al+ 4*2(511 —by)+ (1~ 5}*)2{522‘“ bis],

@ =aytan—ap dy,

B=byi+byp—byy—by.
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The eigenvalues of (17) are

=AL(p +p2)/2]

+{aB +A(aoy+ Boy) + A (k) — p2)/ 21} +0(A). (18)
Thus, in order that p(A), g(A) be locally stable for A small, we need

aff <0,

in which case the eigenvalues are complex with real part —A(u,+p,)/2+
o(1) and imaginary part j(v/(laB])+ O(X)). For A sufficiently small, the
solutions of (10) will spiral toward p(A), g(1). The condition that A is small
guarantees convergence, but makes it very slow. Actually, if A = u =0, then
the solutions of (10} are the closed curves

G(x, y) = xbzf‘bzz(l — x)blz‘buy“zz"“lz(l _y)“u_“zx = const,

which are closely followed by the solution of (10) as A, x> 0.
The above analysis proves the following lemma.

Lemma2.l. LetafB <0.Then,for A sufficiently small, A >0, p(1), q(A)
is a locally asymptotic stable equilibrium point of (10).

Let us formalize the whole preceding discussion in the following
theorem.

Theorem 2.2. Let 1> ay, b;. The following results hold:

(i) If W,=0, W, =0 have a unique intersection, then it is a globally
asymptotically stable equilibrium of (10) in (0, 1) x (0, 1).

(ii) If A, u are sufficiently small, then the differential equation (10)
has as many equilibrium points as the solutions of the game (1); and, as
A -0, >0, these equilibrium points tend to the solutions of the game (1).

(iii) If the game (1) has three solutions, two pure and one mixed,
then the equilibrium points of (10) which tend to the pure solutions are
locally asymptotically stable, whereas the equilibrium point of (10) which
tends to the mixed solution is unstable.

(iv) If the game has a unique solution that is mixed, then the differen-
tial equation (10) has a unique equilibrium point, for A, u sufficiently small,
which tends to the mixed solution of (1) as A, w -0 and to which all
trajectories of (10) spiral asymptotically in (0,1)%(0,1). The speed of
convergence decreases linearly in A, u as A, u > 0; see (18).

(v) Ifthe game has a unique solution that is pure, then the differential
equation has a unique equilibrium point, for A, u sufficiently small, which
tends to the pure solution as A, x — 0 and to which the trajectories of (10)
converge asymptotically as A, u > 0. The speed of convergence is given by
the eigenvalues of (12).
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3. The M x N Matrix Case

The purpose of this section is to provide some results and to delineate
several issues associated with the M x N matrix case. Let A and B be two
N x M matrices with elements 0=<ay, b;<1. If the elements a;, b; are
known, the players find x*¢ 8,,, y*e Sn,

i

Sp={(x1,...,xm) e RM: %, 20, x,+ -+ xp =1},
Sn={(r1,- -, ynYERN 13,20, y,+- - - +yy =1},

which satisfy
x* Ay* = xAy*, Vxe Sy, x #x%, (19a)
y¥Bx*=yNx*,  VyeSy,y#y~ (19b)

If the elements ay, b; are unknown, a rationale similar to the one described
in Section 2.1 results in the following updating scheme for player 1:

pilk+1)=pi(k)+0r,(1-pi(k)),
plk+1)=p(k)—0rpi(k), j#i

if row i was chosen and success resulted, and
pi(k+1)=pi(k) - 0r,p;(k),
plk+ ) =p(k)-0r[p(k)/(M-1)],  j=i

if row i was chosen and failure resulted.

A similar updating scheme exists for the g,(k), ..., gnv(k) of player 2,
with w;, uy, N assuming the roles of A, A,, M.

It holds that

E[pi(k+ 1)—pi(k)]”:p1(k)’ e ,Pm(k)}

ql(k)a e qN(k)
=0\, (1—p;(k))p:i(k) Z aiij(k) =0, p;(k)p:(k) Z (1 "'aij)q;'(k)
—0A,pi(k) _;Pj(k)[ajlql(k)‘f“ . '+ajNC]N(k)]

+00 T [p(k)/(M~1)]p(k)

X{(I_ajl}41(k)+' H(1-an)gn (k)]
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Let A, =1, A,=2A; let
(k) (k)
pl)=| : | q)=| : |
pu(k) gn (k)
a, b,
A=| - B=| :
s by

The associated differential equation [see (10)] is
X = ai(aiY”‘xTAY) +[A/(M—-1)]

X{X xf{l—ajy]—Mx?[l—aiy}}, i=1,..., M, (20)
Vi =y,-(b,-x——yTBx)+[p./(N—~ 1]
x{ny[l*bjx]—Ny?[lwb,-x]}, i=1,...,N. (21)

It holds that
(d/dt)(xy+- - +xy)=0, (d/d)(y,+:+yN)=0;
thus, starting with x(0), ¥(0) such that
Lx0=1, Zy0)=1,
it will be
Y x(n=1, Yy(t)y=1
It is also easily seen that, if x(0) € Sy, y(0) € Sy, then
x(t)e Sy, y(t)eSn, Vi=0.

Thus, we actually need to consider (M —1) x (N —1) equations only. The
Jacobian of the first M — 1 equations of (20) and of the first N —1 equations
of (21), with respect to X, ..., Xp—1, V1, -, Yn-1, Calculated at A = u =0,
is given by

e [-In J]
JZI JZZ

I [a,y—x"Ay 0 ]
" L O aM_ly'—xTAy
[ xi(apy—ary) xi{ayy —a.y) e xi(@ny ~an-1y)
+ x(apy —a,y) x{any —azy) tet X{ @My~ ap1 ¥)
| xpr-(amy —ary) Xv-ilamy —azy) Xng—1(Apy = Apr-1y)
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x(a,— xTA)Ll
x(a,—x"A)L,

JIZ= L)
xp-1(@n ‘xTA)Ll
1 0
I 1
o 1

-1 -1 -1 [Nx(N-1)]
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Jsy, oy are given by similar formulas, where the roles of x;, a;, y, N, L, are

assumed by y;, b;, x, M, L,, respectively.

Case 1. At a point (x*, y*) with

xf=l,  xi=--=xfh=0,
k o= ¥ =
yi=1 y2 = =yn=0,
the Jacobian is given by
Ay~ @y Gy~ Gy " Gy Ay |
|
ay —an 0 | 0
J= 0 -1~ A1y :
byi=byy bai—by

which is invertible and has negative eigenvalues if
a5, > an, 315+ 5 Aus

b11>b219 b31""sbN1'

le bN—l 1
0
bN—l.l bll
(22a)
(22b)

We can thus conclude that, if (22) holds, then (x*, y*) is a pure Nash
equilibrium of (19) and that, for A, u sufficiently small, (20), (21) has an
equilibrium point x(A, 1), y(A, 1), by the implicit function theorem, which
is a locally asymptotically stable equilibrium of (20), (21) and x(A, u) - x*,

YA, p)>y*as A, u~0.

Case 2. At a point (x*, y*) where

aly "”'zaM.y*’ bIX*="'=bNX*a Zx:kzlg‘;)’:k=1,
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which is a mixed solution of (19), the Jacobian is given by

x¥(a,~x*TA)L,

x>§4~1(aM-~l_x*TA)Ll

If it is singular, then there exist (wy,..., wy), {0y, ..., vn) such that

x¥(a,—x"A)w = x¥(a,~ x*TA)w

= =x¥(ay-, —x*TA)w=0, (23a)
wite ot wy =0, (23b)
(We, .o, W) #(0,...,0), (23¢)
y¥(bi~y*"B)o=y3(b,~y*'B)v
= =y%lbyo —y* " B)v=0, (24a)
vyt ot =0, (24b)
{(vy,...,on_ )7 (0,...,0) (24¢)
If x¥>0,...,x% >0, (23) yields
N
AWS=SAW="" =gy W= ;;1 xFaw={1—-x¥)aw+x5auw,
and thus
ayw = a;w.

We conclude that, if x¥>0,..., x% >0, (23) is equivalent to
AW =AW ="+ = ayW,
wit- o+ wy =0,
(Wisoo o, war) #(0,...,0);

and similarly, if y¥>0,...,y% >0, (24) is equivalent to
bv=bp=--=byy,
vyt oy =0,
(v, ..., on_1)#(0,...,0).
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If such w and v exist, and if x7>0, y¥>0 [i.e., (x*, y¥) is strictly mixed],
then (x™+ev, y*+ 8w) are also strictly mixed solutions of {19) for ¢ &
sufficiently small. We thus conclude that, if (x*, y*), with x}>0, y¥>0, is
the unique strictly mixed solution of (19), then, for A, u sufficiently small,
(20), (27) has an equilibrium point x(A, u), y{A, w), by the implicit function
theorem, with x(A, u)—>x*, y(A, u)=>y*, as A, u—>0. The local stability
properties of this point can be determined by a process analogous to that
of Section 2.1, but the notational burden is heavy.

It should be evident by now that the study of the differential equation
{20}, (21) should address the following issues.

(i)  The equilibrium points of (20), (21). In Cases 1 and 2, the
conditions are local and pertain to either pure strategies where strict
inequality holds in (19) or strictly mixed strategies which are unique. There
are, of course, many other cases.

(ii) The local stability properties of these equilibria. In case of
nonuniqueness of equilibria, several will be unstable and several stable as
the analysis of the 2 x2 case indicates. In the 2 X 2 case, it turned out that
the equilibria which are close to the pre solutions are stable, whereas those
which are close to the mixed ones are stable only if they are unigue and
no pure ones exist. Whether this generalizes to the M x N case is not clear.

(ili) The structure of the Jacobian in Case 2, as well as the analysis
of the 2X 2 case, indicates that the solution of {20), (21) will spiral toward
the equilibrium, if a unique strictly mixed equilibrium exists. Further analy-
sis is needed to verify that,

(iv) The possibility of limit cycles was easily ruled out in the 2x2
case, by employing the criterion of Bendixson. There is no generalization
of this criterion for differential equations with dimension higher than two.
Thus, the examination of the possibility of existence of limit cycles or even
of chaotic behavior remains an open issue for the M x N case.

4. Conclusions

A learning algorithm for matrix Nash games where the matrices are
unknown to both players was introduced and studied. A relatively complete
analysis was presented for the 2x 2 case. Important issues pertaining to the
M x N case were also discussed. It is felt that further research is needed
for the M X N case.

Further research related to the subject matter of this paper may include
the following topics.

(i)  In the model considered, all the parameters were unknown to
both players. It would be reasonable to assume that player 1 knows matrix
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A but not B, whereas player 2 knows B but not A. Although the scheme
examined here can be employed, other schemes which are better should be
sought. By better, we mean schemes that converge faster and/or require
less computational effort.

(ii) The many-player case can be considered. Here, problems similar
to those delineated in Section 3 for the M x N two-player case will surface,
since the associated differential equation will have dimension greater than
two.

(iii) Instead of the Nash equilibrium concept, the Stackelberg equi-
librium concept can be considered. The updating formulas for p(k), q(k)
should then capture the rationale of the Stackelberg concept.

(iv) Althoughthe p(k)’s, g(k)’s are in the limit close to the equilibrium
strategies of the static game, they are not necessarily in near equilibrium
for the constructed dynamic one. It would be important to find rules of
updating the p(k)’s, g(k)’s, so that they are in near equilibrium for the
constructed dynamic game, whereas their limits are close to some Pareto
solution of the static one; see Ref. 4.

(v) Finally, one may consider a finite state, finite action dynamic,
infinite horizon, Nash or Stackelberg game with average or discounted costs,
where the cost and transition matrix parameters are unknown to the players.
Such problems were examined in Ref. 1 for the team case.
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