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Performance versus Informativeness in Linear-
Quadratic Gaussian Noncooperative Games'
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Abstract. In this paper, we study the impact of informativeness on the
performance of linear quadratic Gaussian Nash and Stackelberg games.
We first show that, in two-person static Nash games, if one of the players
acquires more information, then this extra information is beneficial to
him, provided that it is orthogonal to both players’ information. A
special case is that when one of the players is informationally stronger
than the other, then any new information is beneficial to him. We then
show that a similar result holds for dynamic Nash games. In the dynamic
games, the players use strategies that are linear functions of the current
estimates of the state, generated by two Kalman filters. The same
properties are proved to hold in static and feedback Stackelberg games
as well.
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1. Introduction

In multi-person control and game problems, the information structure
of the decision makers plays an important role which makes such problems
interesting and challenging both conceptually and mathematically. Gen-
erally speaking, the impact of information structure on such problems has
been studied in three aspects, namely, interactions with

(i) control (e.g., Refs. 1-5), which focuses attention on the existence,
uniqueness, and linearity of the solutions under different information struc-
tures;
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{(ii) incentives (e.g., Refs. 6-9), which focuses attention on the ability
one decision maker has in influencing the other decision makers under
different information structures;

(iii) performance (e.g., Refs. 10-13), which focuses attention on the
impact of informativeness on the performance under different information
structures.

The research in the first two areas has been relatively more fruitful
than the third one, in the sense that general and assertive results are derived.
In contrast, we have few general results in the third area, although several
examples show that the impact of such interactions could be drastic. In this
paper, we study this very aspect, i.e., the interactions between information
structure and performance (to which we also refer as informational proper-
ties), for linear quadratic Gaussian {LQG) noncooperative games and, in
particular, Nash and Stackelberg games.

In a previous paper (Ref. 10), the informational properties of a class
of LQG Nash games were studied. A particular feature of the information
structure of the game considered in Ref. 10 is that all the players have
access to the same information source at all times, i.e., the information is
public. This means that whenever a change is made in the information, each
and every player’s information is equally changed. In this paper, we consider
two-person games, and each player has his own private information such
that, whenever a change is made to one of the player’s information, the
other player’s information remains the same.

There are several examples in the literature cited above which study
the impact of changes in private information on the players™ performance.
Among these, Ref. 13 studies a two-person LQG static Nash game. It is
shown for that example that, on the one hand, if one of the players improves
his own information by acquiring his opponent’s information (while his
opponent’s information does not change), then he ends up with a higher
Nash cost (Case B of Ref. 13); on the other hand, if he improves his own
information by getting an extra measurement not from his opponent, then
he incurs lower Nash cost {Case D of Ref, 13}. Such seemingly counterintui-
tive phenomena have not been fully analyzed, and a more important issue
of what kind of private information is truly beneficial has not been clarified.
In this paper, we partially answer this question by providing sufficient
conditions; i.c., we prove that, in two-person LQG Nash and Stackelberg
games, if one of the players acquires more information, then this extra
information is beneficial to him provided that such information is orthogonal
to both players’ information. A special case is that, when one of the players
is informationally stronger than the other (i.e., he knows all his opponent’s
information), then any new information is beneficial to him.
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The structure of the paper is as follows. In Section 2, we study static
Nash games and give sufficient conditions where more information is
beneficial. In Section 3, we formulate an N-stage dynamic Nash game where
one of the players’ information is nested in the other’s. At each stage k,
player 1 is allowed to use a function of estimates %,(k) and £;(k) of the
state x(k), while player 2 is allowed to use a function of £,(k) only, where
%,(k) and %(k) are generated through two Kalman filters that use linear,
noise-corrupted measurements of x(k), and %,(k) is a refinement of £,(k).
In this setup, the Nash solution exists, is unique, and is linear in %,(k) and
%5(k) under certain invertibility assumptions on some matrices. A nice
feature of the solution is that a sort of separation principle (of estimation
and control) holds and the estimation error is independent of the controls.
In Section 4, we study the informational properties of the game formulated
in Section 3. We prove that better information for player 1 alone is beneficial
to himself. In Section 5, we extend the results obtained in Nash games to
Stackelberg games. In Section 6, two examples are provided to illustrate
the informational properties discussed in the previous sections. Finally, in
Section 7, we present our concluding remarks.

2. Some Informational Properties of LQG Static Nash Games

Consider a two-person static Nash game. The cost functional of player
i, i=1,2, is denoted by

Ji(y1, 72) = E[xTPx:rui +3u] u+ ”?Qi”j]a u; = %(y:),
JELLj=1,2, (1)
where xe R" is a Gaussian random vector, x ~ N(0, Q), u;€ R" is the
control variable of player i, and P,, Q; are real matrices of appropriate

dimensions. y;, i =1, 2, being the information available to player i, is given
by

yi=Hx+w,. )

H; is an m; X n real matrix and w; € R™ is a Gaussian random vector, which
is independent of x. The control law v, is chosen from T';, which consists
of all the measurable functions from R™ to R such that y( y;) is a
second-order random vector. A pair {v¥, y¥) is called a Nash solution of
the game if it satisfies the following two inequalities:

J(yE, v =Ty, ¥v5), (3a)
Ly, v¥) = Ly, v, (3b)
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for every y,eI'; and y,eT,. y¥ is called a Nash strategy of player i. A
necessary and sufficient condition characterizing a Nash solution of the
above game was given in Theorem 1 of Ref. 2, which we state below as a
lemma.

Lemma 2.1. A pair (y¥, y}) is a Nash solution of the game described
above if and only if the following two equalities hold:

y¥(y:)=—PE[x|y]1- QE[v}() |yl  j#iij=1,2 (4)

The question of existence and uniqueness of the Nash solution has
also been studied in Ref. 3, where it was shown that almost always there
exists a unique solution which has to be an affine function of the information.

By using Lemma 2.1, we will show, for certain information structures,
how the Nash solution is affected by the information available to the players,
and hence how the Nash performance is affected. We need the following
definition of orthogonality and a lemma which consists of several well-
known facts in estimation theory (see, e.g., Ref. 14).

Definition 2.1. Two zero-mean Gaussian random vectors z, and z, are
said to be orthogonal (denoted by z, L z,} if E [z,z7]=0.

Lemma 2.2. Let z;, i =1, 2, 3, be zero-mean Gaussian random vectors.
Then,

(i) {z, _E[Zl|22]} Lz

(i) E[z|z,]= Cz,, where C is a real matrix.
If, in addition, z, L z3, then

(iii) E[z|z]1=0;

(iv) E[z I 7, 23] = E[z, | 2]+ E[z, I z].

Denote an extra measurement by y,,

Ye=Hx+w,, (5)
where H, is an m, x n real matrix and w, is a Gaussian random vector;
w,~ N(0,2,) and is independent of x. We consider the following two
conditions:

(C1) yely,i=12;

(C2) y,=My,, where M is an m,x m, matrix.

Notice that Condition C2 has nothing to do with y,; it simply means
that the information provided by y, is contained in that provided by y;.

Lemma 2.3. Under either Condition C1 or C2,
{E[XI%,)’e]—E[xlyl]}J_y,-, i=1,2.
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Proof. The following equation holds:
E[x|y:, y.1- E[x|y\]= E[x|p:, ye1- E[E[x|y1, yelln]. (6)
Thus, by Lemma 2.2(i),
{El[x|y1, 1= Elx|p:]} L ;.
Under Condition C2,
{Elx|y1, y. 1= Elx|» ]} L y2.
Under Condition C1, Lemma 2.2(iv) and (ii) imply that
E[x|y, y.]- E[x|y]= E[x| 3]+ E[x|y.]1- Elx| 5]
=E[x|y.]= Cy.. ™)
The result holds, since y, L y;, i=1, 2. O
Remark 2.1. C1 and C2 are, in general, different conditions; however,
by acquiring y., the increment of player 1's information is {E[x]y,, y.]—

E[x|y,1}, which is always orthogonal to y,. It is in this sense that C2
satisfies C1.

Theorem 2.1. Let condition C1 or C2 hold. Then, the following is
true: If there exists a Nash solution under the information pattern where
player 1 knows y; and player 2 knows y,, then there exists a Nash solution
under the information pattern where player 1 knows {y,, y.} and player 2
knows y,, and vice versa. Furthermore, the Nash strategy v, remains the
same under both information patterns. For the case where Condition C2
holds, a Nash solution exists and is unique if and only if the matrix I — Q,Q,
is invertible.

Proof. Lemma 2.1 implies that, when player 1 knows y, and player
2 knows y,, a Nash solution (y,(y,), v.(y»)) exists if and only if

Y2(y2) = Q2Q ELE[ v:(3:) | 3111 y2]
+QzPLE[E[le’JIJ’z]_PzE[le’z]- (8)

When player 1 knows {y,, y.} and player 2 knows y,, a Nash solution
(vi{¥1, ¥e), v2(y2)) exists if and only if

Y2y2) = Q:QE[Efv,(y2) [.Vx s Yel |)’2]
+szlE[E[xiy1,ye]iyz]‘“PzE[x'h]- 9)
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Let Condition C1 hold. Then, Eq. (9) reduces to (8), by Lemma 2.2(iii)-(iv)
and the fact that y,(y,)} is affine in y,. Let Condition C2 hold. Then, both
Egs. (8) and (9) reduce to

Y2(¥2) = Q:Q1y2(y2) + Q. P E[x r.Vz] —P,E[x l)’z]- (10)

Hence, if a Nash solution exists in one of the information patterns, it exists
in the other, and v, is the same in both information patterns. Furthermore,
when Condition C2 holds, a unique Nash solution exists if and only if
I-@Q,Q, is invertible. ]

Theorem 2.2. Let Condition C1 or C2 hold. Then, the Nash cost
incurred to player 1, when the information available fo player 1 is {y,, v.}
and to player 2 is y,, is less than or equal fo the Nash cost incurred to him
when the information available to player 1 is y, and to player 2 is y,.

Proof. Let (vF, ¥¥) denote the Nash solution when player 1 knows
y; and player 2 knows y,; and let (], v3) denote the Nash solution when
player 1 knows {y;, y.} and player 2 knows y,. Then, by Theorem 2.1,

Jl(yi,y‘;)f»ﬂmin Ji(v,95) = min _ Ji(y,, vH)

{yiye el Yi{ppyedely
= min_Ji(y,, vH)=L(yF, ¥, (11)
yily)ely

where I'} consists of all the measurable functions from R™"™ to RA.
-

Remark 2.2. Although we proved Theorem 2.1 {and hence Theorem
2.2) for Conditions C1 and C2 separately, recall from Remark 2.1 that C2
satisfies C1 in the sense of Lemma 2.3.

Remark 2.3. Notice that Theorems 2.1 and 2.2 hold regardless of the
functional form of the costs {1), as long as they are quadratic, and all the
results obtained go through even if we do not assume that x is of zero
mean. This is easy to verify.

3. Formulation of an LQG Dynamic Nash Game and Its Solution

Consider a two-person, N-stage Nash game where the state of the
system x{(-) evolves according to

x(k+1)=Ax(k)+ Bu,(k)+ Buy(k)+ w(k), x(0)y=x,, (12)
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where ke 8=1{0,1,..., N—1}, x(k)e R", and u;(k) € R" denotes the con-
trol variable of player i, i =1, 2, at stage k. x, and {w(k), k € 8} are indepen-
dent Gaussian random vectors, xo~ N(X,, (o), w(+)~ N(0, R).

At each stage k, the measurements y;(k)e R™, i=1, 2, are given by

yi(k) = Hx(k)+ »(k), (13)

where {r;(k),ke6,i=1,2} are independent Gaussian random vectors,
v;(+)~ N(0,%;). v’s are also independent of x, and {w(k), k< 6,}. The
information available to the players is not y,(k)'s, but £,(k), £;(k), the
estimates of x(k) given by two Kalman filters:

%:(k) = %,(k/ k= 1)+ G;(k)[y:(k) — H%,(k/ k—1)], (14a)
Z(k+1/k) = A% (k) + Byuy (k) + Bouy(k), £(0/~1)=%,,  (14b)
Gi(k)=3(k/k—V)H(HZ(k/k-=1)H]+Z,)7", (14c)
S(k+1/k)=A[I-Gi(k)H)2,(k/k—1)AT +R,

2.(0/-1)=Q,, (144d)
3.(k)=[I-G(k)H]Z:(k/k~1), (14e)

where i=1,3 and

H;&[H{, H;T, (15)
()21 (),y2 (DT (16)
3,2 diag[2,, 3,1 (17)

%;(k+1/k) is the one-step prediction estimate, and X,(k) and Z,(k+1/k)
are the error covariance matrices associated with £,(k) and %(k+1/k),
respectively,

3,(k) = E{[x(k) - £(k)][x(k) - £:(k)]"}, (18)
3.(k+1/k)= E{[x(k+1) = £(k+1/k)][x(k+1) —£(k+1/k)]}.
(19)

The information structure is defined as follows: At each stage k, player 1
knows

Li(k) £{%,(k), £:(k)},
while player 2 knows
L(k) & {£,(k)}.

This information structure can be justified by considering that there are two
referees 1 and 3, who compute respectively £,(k) and £(k); referee 1 gives
¥,(k) to both players, and referee 3 gives %5(k) to player 1 only.
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The cost of player i is J; £ J;(0), where J,(k) denotes the cost to go of
player i at stage k and is defined by

J,-(k)=E{ >: [x(n) Pox(m) + ] (m) () + ] (n) Quiy(m)]

+xT(N)PfJC(N)}, J#LiLj=1,2, (20)

where P, Q;=0. u;(k) is chosen as y¥(I,(k)) and the y*’s are measurable
functions, y*:R"xR"->R" and vy%:R"->R% with the property that
v¥(I,(k)) is a second-order random vector. Let

g2y, v,y i=L2 (21)
A pair {g¥, g¥} is called a Nash solution of the game if

Ji(g¥, eg¥)=Jg, g%), for every admissible g,, (22a)

L(gF, e =g}, g), for every admissible g, . (22b)

Before we give the Nash solution of the game, we need the following
lemma which shows orthogonality in the information structure; the proof
is given in Appendix A, Section 8.

Lemma 3.1. (i) E[%(k)|£(k)]=%(k). Let £,(k)=%(k)—%(k).
Then, (ii) £,(k) L £,{k}.

Notice that, by Lemma 3.1, the information structure I;(k) can
equivalently be considered as I,(k) = {£;(k), X,(k)}, which consists of two
orthogonal elements.

The Nash solution of the game described above is provided in the
following theorem, the proof of which is given in Appendix B, Section 9.

Theorem 3.1. Consider the equations
Li(k)=P,+A"[(I+B,B{L,(k+1)+ B,B; L,(k+1))"']"
x[L(k+1)+L(k+1)BB] L,(k+1)
+ Li(k+1)B,Q:B] Li(k+1)]
x[I+B,BTL,(k+1)+ B,B] L,(k+1)]"'A, (23a)
L(N)=P, j#iij=1,2, (23b)
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which evolve backward in time. We assume that the inverse of (I+
B,BTL,(k)+ B,B] L,(k)) exists for every k€ 6. Then:

(i) There exists a unique Nash solution to the game, which is the
following:

uf(k) = #y{(I,(k)) = Fy,(k)%,(k) + Fia(k)£4(k), (24)
u(k) = #yi(I(k)) = Fx(k)%,(k), (25)
where

F,(k)=~=BTL(k+1)[I+B,BTL(k+1)+ B,B] L,(k+1)]'A,

(26)
Fi(k)=-~B{L(k+1)[1+BB{L,(k+1)]'A, (27)
Fy(k)=—BJ Ly(k+1)[I+B,B]L,(k+1)+B,B] L,(k+1)]'A.
(28)
(ii) The cost to go of player i at stage k is
Ji(k) = E[£5 (k) L(k)%5(k)]+ K(k), (29)
where
Ki(k)=tr{ATL,(k+1)A— Li(k)+ P,]3:(k)
+ Li(k+1)[R—Z;(k+1)]+ Liy(k)Z,(k)}+ K (k+1),
(30a)
K.(N)=tr{PZ;(N)}, (30b)

Li(k)=A"[(I+B,B{L,(k+1))"'1"
x[Ly(k+1)+L,(k+1)B,B} L,(k+1)]
X[I+BB{L(k+ 1] 'A-L(k)+P,, (31)

Ly(k)y=A"[(I+B,B]L(k+1))"'1"
x[Ly(k+1)+L,(k+1)B,Q,B{ L,(k+1)]
X[I+B;B{L{(k+1)]'A—Ly(k)+ P,. (32)

Remark 3.1. Notice that the control laws F),(k), Fi{k), and Fy{(k)
in the above theorem are independent of the observation noise in the
measurements (13); i.e., a sort of separation principle holds under such

information structure. Also, we can see from the Kalman filter equations
(14) that the estimation error 2,(k), i =1, 3, is independent of the controls.
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Remark 3.2. The nonsingularity condition of the matrix I+
B,B{L(k)+ B,B,B] L,(k) and the boundedness condition of L,(k), the
solution of the coupled Riccati equations (23), were discussed in Theorem
2.2 and Remark 2 of Ref. 10.

4. Some Informational Properties of LQG Dynamic Nash Games

In this section, we first give the definition of “better information for
player 1 alone,” and then derive sufficient conditions that such better
information would benefit each player.

Consider Information I and II. In Information I, the estimates £1(k)
and £3(k) are generated through the past controls and the measurements

yi(-)=Hix(-)+vi(+), vi~N(0,X}), i=1,2, (33)
with corresponding estimation error Z1(k) and Xj(k). In Information II,
the estimates £;'(k) and £3'(k) are generated through the past controls and
the measurements

yi'()=Hi'x(-)+v](+), vi'~N(0,=]", i=1,2, (34)
with corresponding estimation error 23'(k) and Z1(k).

Definition 4.1. We say that Information I provides better information

for player 1 alone than Information IT if
(k) =2(k), 2ik)=3Mk), for every ke 0,
Si(k)# 2 (k), for at least one ke 6.

An obvious fact about the definition given above is that all the improve-
ment is in the part of X,(-), player ’s private information, while there is
no improvement in the part of £,( - ), the public information of both players.

Let Ji(k) and Kl(k), i=1,2, be defined as in (29) and (30), correspond-
ing to Information I, and

Qj(k) = E[£j(k)%;"(k)],  j=1,3.

Similarly, we define Ji'(k) and K(k), i=1,2, and Q(k), j=1,3, for
Information I1. We need the following lemma to prove the next theorem,
the proof of which can be found in Ref. 10.

Lemmad4.1. Let X, Ye R"™" X =0, and Y be a nonzero, nonnegative
definite matrix. Then, tr{XY}=0.

Theorem4.1. The Nash solution given by Theorem 3.1 has the property
that better information for player 1 alone lowers player i’s cost if

P+ A"L(k+1)A—Li(k)~ Li,(k)=0, for every ke 6.  (35)
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Proof. From part (ii) of Theorem 3.1,
JI(0) = E[£57(0) L,(0)£3(0)1+ K }(0) = tr{ L,(0)(23(0)} + K }(0).

(36)
From the recursive expression of K;(+) in (30), we obtain
J1(0) = tr{ L,(0)Q5(0) + [ P, + ATL,(1) A — L;4(0)]23(0)
+ L(1)R+ L, (0)23(0)
+'S [P+ ATL(k+1) A~ Li(k) — L(k)SA(K)
+L(k+ 1)R+L,-4(k)2§(k)]}. (37)
Similarly,
J0) = tr{ L(0)QY(0)+[ P+ ATL(1)A— L.4(0)]21(0)
+ L,(1)R + Li,(0)21'(0)
+'5 [P+ ATL(k+ 1) A - L(k) ~ LK) JEN(R)
+L{k+1)R+ L,-4(k)2§’(k)]}. (38)
By using the fact that
01(0) - 03(0) = —(21(0) — £5((0)), (39)

we obtain
J0) =T =Y [P+ ATLi(k+ 1) A~ LK) La()]
K=0

x[23(k) = 23(k)1+ Li(O[Z1(k) - 2)(k)]}. (40)

Suppose now that Information I provides better information for player 1
alone than Information II. Then, Lemma 4.1 implies that J(0) = J}(0), if
(35) holds. O

Corollary 4.1. Better information for player 1 alone lowers player 1’s
Nash cost.
Proof. Substituting (23} and (31) into (35), and letting i = 1, we obtain
P+ AL (k+1)A—L,(k)— Ly (k)
=ATL,(k+1)A-AT[(I+B,B,L,(k+1))"']"
X[Ly(k+1)+L(k+1)B,B] Li(k+1)][I+B,B{ L,(k+1)]'A
=UTVU =0, (41)
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where
U=[I+B,B]L(k+1)]'4, (42)
V=L(k+1)B,B]L,(k+1)
+L,(k+1)B,B{L,(k+1)B,B]L,(k+1)=0. (43)
Then, Theorem 4.1 implies the desired result. il

Remark 4.1. In Corollary 4.1, we see that better information for player
1 alone is beneficial to him, and this fact is independent of the number of
stages N and it is not necessary for the better information to be dynamically
better (Ref. 10). In contrast with Theorem 5.1 of Ref. 10, the above two
features reveal the essential difference between improving the players’
private information and public information in a dynamic Nash game.

5. Related Properties of Static and Feedback Stackelberg Games

In this section, we extend the results obtained in Nash games to static
and feedback Stackelberg games. The difference between a Stackelberg
game and a Nash game lies partially in that the roles of the players are
asymmetric in Stackelberg games, while they are symmetric in a Nash game.
However, the Stackelberg solution of a static game is also a Nash solution
of the same problem under explicit control sharing (Ref. 11) and a feedback
Stackelberg solution of an N-stage dynamic game is also a Nash solution
of a 2N-stage game (Ref. 15). Hence, we expect some different, as well as
some similar, properties between Stackelberg and Nash games.

Consider a two-person Stackelberg game. Let player 1 be the leader
and player 2 be the follower. Their cost functionals are given by J,(y,, v»)
and J,(y,, v,), respectively, where

Ty, 72)= E[Jz'u;rui +%ujTIJiuj + uiTQiuj + uxTSiix+ UJTSUX], (44a)
“i=”)’i(}’s), j¢i7 l.,j=l,2, (44b)

where x€ R" is a Gaussian random vector, x ~ N(0, Q), u;€ R" is the
control variable of player i and P, Q;, Sy, S, are real constant matrices of
appropriate dimensions. The linear measurement of player i is given by

yi=Hx+w, (45)

H;is an m; X n real matrix and w; is a Gaussian random vector, w; ~ N(0, X;},
which is independent of x. The control law v; is chosen from I';, which
consists of all the measurable functions mapping from R™ x R" such that
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v{y;) is a second-order random vector. A pair {y¥, y¥) is called a
Stackelberg solution, with player 1 as the leader, if y¥ satisfies the following
inequality:

sup  Ji(¥T,v2)= sup Ji(yi, v2), (46)

v2€ Ro(v¥) Y26 Ry(my)

forevery v, € I'; and v¥ € R,(yT), where R,(1y,) is called the rational reaction
set of the follower to the strategy y, announced by the leader and is defined
by

Ry(vi)=1{%.¢ rzifz(% , ¥2) = Doy, v2), for every v, €T} (47)

Notice that, if R,(y,) is a singleton for each v,eT,, then (46) can
equivalently be written as

LY, (v D)) = Ly, F2)). (48)
It turns out that R,(y,) is a singleton indeed (Ref. 16) and is given by
F2y2) = _SzzE[x!J’ﬂ —Q:E[vi(y1) l}’z]v (49)

A sufficient condition that a unique linear Stackelberg solution exists
was given in Ref. 16, which condition is determined by the matrices P, and
Q;, i=1, 2, and has nothing to do with the information available to the
players. We assume in the following derivations that a unique linear Stackel-
berg solution exists under every information structure that we consider. The
result of the following lemma is known, but we include a short proof for
reasons of completeness.

Lemma S5.1. The leader’s cost decreases if he acquires an extra
measurement y,.

Proof. Let (v¥, y¥) and (3, y5) denote respectively the Stackelberg
solution before and after the leader acquires y,. After the leader acquires
., he can choose a suboptimal strategy 7 (yi,y.)=7v¥(y;). Then, the
follower will react by choosing v5(y.) = y¥(y,), and hence

JU(¥i (1, ¥e)s 5 ) = H(¥i (1, ve), ¥5 (32)
=L (y¥ (), vE(y2)). (50)
|

The follower, who is in the lower level of a hierarchy, sees things
differently from the leader, and knowing more is not necessarily beneficial
to him. As in the Nash case, we prove in the following theorems that, if
the follower acquires an extra measurement y, which satisfies a certain
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orthogonality condition or if the follower knows all that the leader knows,
then the leader’s strategy does not change, and such y, is beneficial to the
follower. As in Section 2, we consider the following conditions:

(Cl) yeJ-yia l=1725

(C2) y,=My,, where M is an m, x m, matrix.

Theorem 5.1. If the follo_vyfr acquires extra measurement y, such that
either one of Conditions C1, C2 holds, then the leader’s strategy does not
change.

Proof. Let y§(y.), vi{y,) denote the leader’s strategy before and after
the follower acquires y., and let y¥(y,), ¥5(»., v.) denote respectively the
follower’s reaction before and after he acquires y,. Then, by (49),

Yik(}’z):'“szzE[xl}b]"QzE[‘}’l(}’l}l}’zL (51)

Y3(¥2s Ye) = —SnE[x|y:, y.1= QE[vi(3) |32, ye]. (52)
Under either one of Conditions C1, C2, the following is true:

Elvi(y)|y2, ve1= Elvi(n) 3] (53)

Hence, (52) can be written as
Y5(y2, ¥e) = ¥3(2) = Spd E[%]y2, ye1— E[XIJ’z]}
= Y51, ¥2) = 8229, (54)
where
72 Elx|y2, y.1- Elx]y),

which by Lemma 2.3 is orthogonal to y, and y,. The leader’s strategy after
the follower acquires y, is the following [we omit the arguments in the
strategies y¥(-) and y3(-) for a while to avoid the tedious expressions]:

¥ =arg min Edyivi+3vs T Piys+ i Quvs+vi Sux
1 1
+ 'szSlzx}
=arg f}’g} E{%‘Y;F’Yl +%7§TP1 vi— YEFTPlSzz}’A
1 1
+3(855) P, 1(8229)
+ ’YiTQl 73( - YlTQszzJ?‘i’ YlTSnx+ ’Y?TSlzx - (Szz})’\)rslzx}
=arg min EQyivi+3vE Py + 9] Qv+ yi Sux+v3 S,x}
1 1

=7, (55)

where we use the fact that 7 L {y,, y.} to get rid of the terms y§' P,S,,J
and yi Q;S,,7 in taking the expectation operations. O
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Theorem 5.2. If the follower acquires extra measurement y, such that
either one of the Conditions C1, C2 holds, then the follower can do better
by incurring lower cost.

Proof. The proof is similar to Theorem 2.2, and hence is omitted.
O

Now, consider a feedback Stackelberg game with the same formulation
as in the feedback Nash game of Section 3, except that we consider two
cases which correspond to two different information structures. Let I,{k)
denote the information available to player i at stage k. Then, we consider
two cases:

Case A, I7(k)={%,(k), %(K)}, I3 (k) ={%(Kk)};
Case B, I7(k)={£i(k)}, I7(k)={%(k), £ (k)}.

Let us call player 1 the leader and player 2 the follower. A pair (g7, g%) is
a feedback Stackelberg solution to the game if

sup X Jl(g;ka g;kkn ')’;()

vEe Re(*y)
ES k * k . . k
< sup Ji(gh. ¥ gk, 7Y,  for every admissible %,
Y26 R 0v1)

where
Ag 0 1 k=1 _k+1 N1
=Y Vise s Vi Vi seees Vi b

R (v}) is called the rational reaction set of the follower at stage k to the
strategy y{ announced by the leader and is defined by

Rk(')"ic) = {')_’;{Jz(gfk, ')"i: gg‘k; ?7;()
=J,(g¥x, ¥, &3k, v3), for every admissible y3}.

The feedback Stackelberg solution for Cases A and B are provided in
Appendix C, Section 10.

Let Informations I and II be defined as in Section 3 and satisfy the
conditions in Definition 4.1. Then, in Case A, Information I provides better
information for the leader alone than Information II; in Case B, Information
I provides better information for the follower alone than Information II.
We have the following theorem.

Theorem 5.3. Under the information structure of Cases A and B, the
feedback Stackelberg solution has respectively the following properties:

(i) Dbetter information for the leader alone is beneficial to the leader;
(ii) better information for the follower alone is beneficial to the
follower.
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Proof. One way of proving this theorem is by using the connection
of the feedback Stackelberg solution to the feedback Nash solution accord-
ing to the procedure of Ref. 15, where it was proved that a feedback
Stackelberg solution of an N-stage dynamic game is also a feedback Nash
solution of a 2N-stage dynamic game and the result is then implied by
Corollary 4.1. An independent proof of this theorem is provided in Appendix
D, Section 11. O

Remark 5.1. A similar feedback Stackelberg game was studied in Ref.
17, where the expressions of the solution obtained were so complicated that
it was not possible to investigate its informational properties. The
expressions of the solution could have been simplified if the authors of Ref.
17 had observed the orthogonality in the information structure, i.e., Lemma
3.1(ii).

6. Examples

Example 6.1. This example illustrates Theorem 2.1 and 2.2 under
Condition C1. Consider a static Nash game where all the notations follow
those defined in Section 2. The cost functionals are

Jilyi, v =E[(x+u,+ “2)2+ u%],

Jz(?’l , v2) = E[(x+u,+ u2)2+ u%];
player i has measurement y;, y; = x + w;; x, w,;, w, are independent random
variables with zero mean and unit variance.

This example was previously considered in Ref. 13, and the Nash
solution was given by

Y ==, i) =-w,
with corresponding Nash costs

Ly, ¥3) =Ly, v¥) =468/900.
Now, if in addition to y,, player 2 acquires an extra measurement y,, what
is the impact to his Nash cost? It was shown (Case B of Ref. 13) that, if
Y. =), then player 2 incurs higher Nash cost. In the following, we will
find an y, such that y, L {y,, y,} and demonstrate that this y, lowers player
2’s Nash cost.

Let y, = x —w; ~ w,. Then, it is easy to check that y, L {y,, y-}. Denote
the Nash solution after player 2 acquires this y. by (v, v3). Then, by direct
calculation, we obtain

Yi(n) = =51,
Y3(¥2, Ye) = ~3¥2— Ve
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The corresponding Nash solution of player 2 is J,(y7, ¥3) and
Jo(v7, ¥3) =318/900 <468/900 = Jo(v{, ¥3).
Example 6.2. This example illustrates Corollary 4.1. Consider a

dynamic Nash game with the general formulation given in Sections 3 and
4. We choose

A=0.5, X,=0, Q,=10,
B,=P,=R=1, Q; =20, i=1,2.
Two kinds of information are described below.
Information I, £1(-), £3(+) correspond to
yi()=x()+n(),
ya(+)=x()+vy(),
vi(-)~N(,1), i=1,2

Table 1. Costs of player 1 in Example 6.2 under different information
versus different number of stages.

Benefit of player 1
due to better information

N Information 1 Information II for him alone
1 16.72872 16.98826 0.259544
2 19.79963 20.12271 0.323073
3 21.68059 22.06824 0.387644
4 23.31423 23.76004 0.445805
5 24.90147 25.40363 0.502162
6 26.43017 27.03831 0.558140
7 28.05730 28.67135 0.614047
8 29.63415 30.30409 0.669940
9 31.21094 31.93677 0.725830

10 32.78773 33.56945 0.781720

11 34.36451 35.20212 0.837610

12 35.94123 36.83479 0.893500

13 37.51808 38.46747 0.949390

14 39.09486 40.10014 1.005280

15 40.67164 41.73281 1.061170

16 42.24843 43.36549 1.117060

17 43.82521 44.99816 1.172950

18 45.40199 46.63083 1.228840

19 46.97877 48.26350 1.284730
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Information II, £1'(-), £3(+) correspond to
() =x()+r'(),
y2 (1) =0-x(-)+ v (-),
vI'(-)~N(0,1), i=1,2.

It is easy to see that, for Information IL, £}'(k) = £3'(k) at every stage
k, and Information I provides better information for player 1 alone than
Information II. We compute the Nash cost of player 1 for different number
of stages, i.e., N from 1 to 19. Information I is more beneficial to player 1
than Information II. The resulting costs are shown in Table 1.

7. Conclusions

In a general two-person LOG Nash game (static or dynamic), we
proved that more or better information for one of the players alone is
beneficial to him if he is informationally stronger than his opponent or if
such information is orthogonal to both players’ information. Such results
are quite understandable. Since the Nash solution is an equilibrium solution
with consistency constraints (Ref. 12}, any unilateral improvement of infor-
mation does not guarantee benefit to either party. A unilateral improvement
of information does guarantee benefit to the one who has the improvement,
however, if his opponent’s strategy does not change by such improvement,
such that he who has the improved information can use it to optimize his
strategy without further constraints. In order that his opponent’s strategy
does not change, his opponent should be totally ignorant of this improved
information, as implied by the orthogonality condition given by Lemma
2.3.* Similar results hold in static and feedback Stackelberg games for both
the leader and the follower. The leader in a static Stackelberg game can
use any extra information to his benefit, however.

As we noted before, the investigation of the informational property of
the dynamic games is greatly simplified by the formulation where a sort of
separation principle holds and the estimation error is independent of the
controls. Without these nice properties, it would be difficult either in defining

“ As a referee pointed out, another view to see the ideas behind the results is this. Consider
two Nash games with two players. Player 2 in both games has the same information, while
player 1 has different information. Assume that the Nash strategy of player 2 happens to be
the same in both games. In this case, player 1I's optimization problem in the two different
information structures can be considered as team problems. In a team problem, a player can
never be worse off with more information. Therefore, the problem boils down to how to find
conditions to make the above assumption true.
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“better information for one player alone” or in solving for the solutions.
Either one of the difficulties makes the problem extremely hard. An extension
of the results obtained in this paper to N-person, N =3, Nash games can
be carried out using similar arguments, and such results should constitute
a fundamental step in designing information structures (Refs. 18-20) for
large-scale systems.

8. Appendix A: Proof of Lemma 3.1

Consider the following state equation and measurements:
X(k+1)=Ax(k)+w(k), xX(0)=x,, (56)
yi(k)= Hx(k)+ v (k), i=1,2, (57)

where x,, {w(k}} and {v;(k)} are defined as in Section 3. By comparing
(56) with (12), we immediately have

() =)+ 3 A" [ Byuy(m)+ Bts(m)]. (58)
n=0
Let
& E[#(K)|7,(0), . .., (k)] (59)
£(k)2 E[£(K)[5.0), ... ., 51(K), 5,(0), . . ., F2()]. (60)

Then, %,(k), i=1,3, are given exactly by the Kalman filter equations (14),
except that (14b) is replaced by

%(k+1/k) = A%(k). (61)
By the construction of J?,-(k) and %£;(k), i=1, 3, it is easy to see that
£,(k) = £,(k) + o (62)
where
k-1 X
o = Z—:o A ﬁn-l[Blul(n)""Bzuz(")]- (63)

Since §3(k) is a refinement of J?,(k), we obtain
£1(k) = E[%(K)|51(0), ..., 51(k)]
= E[E[%(K)|7,(0), ..., 1(k), 7x(0),
s 7(0115:00), ..., Fi(K)]
= E[%(K)|$,(0), ..., $:(K)]. (64)



180 JOTA: VOL. 57, NO. 1, APRIL 1988

Hence,
E[%;(k)|£1(k)] = ELE[%(k)$,(0), . .., 71(k)]| £i(K)]
= E[%,(Kk) | £,(k)] = %,(k). (65)
Eq. (62) indicates that
E[£5(k)|£,(k)]= E[%5(k) + ¢ | £1(K) + ]
= E[%(k) | £1(k)]+ i = %1(K) + o
= %,(k). (66)

By Lemma 2.2(i), £3(k)— E[%:(k)|%,(k)] is orthogonal to %,(k), i.e.,
£,(k) L £,(k). O

9. Appendix B: Proof of Theorem 3.1

The proof is similar to that of Theorem 2.1 of Ref. 10. The difference
is that here I,(k) has an additional element X,(k) which, being orthogonal
to both players’ public information %,(k), does not give rise to major changes
in the Nash solution. The problem will be soived by a dynamic programming
approach.

At stage N,

Ji(N) = E[xT(N)Px(N)]= E[£] (N)P&;(N)]+tr[ P.Z5(N)]
= E[£XT(N)L(N)%(N)]1+K(N), i=1,2, (67)
where
L(N)£P,  K(N)2tu[PZ;(N)].
At stage N —1,
J(N-1)=E[x"(N-1)Px(N-1)
+ul(N-1Du(N-1)
+u(N=1)Qu(N-1)
+xT(NYPx(N)], j+#i,ij=1,2. (68)

After receiving I( N — 1), player i’s objective is to minimize J.(N —1) given
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by
J(N~1)=E[J(N-D|L(N-1)]. (69)

Since J(N—1) is convex in u; (N —1), the Nash pair at stage N—1,

(*yN-1 *yN-1y is chosen such that

al(N 1)

=0, i=1,2. 70
3Yi(N = 1) [yt s Nt l (70)

We then have

*7?’_1(11(1\7_1)) = FU(N‘1)f1(N‘1)+F14(N_1)£4(N“ 1)’
(71a)

> {L(N-1))=F(N-D%H(N-1), (71b)

where F,,(N —1), F,(N—1), F,(N ~1) are given by (26) through (28).
Notice that (*y ‘,*y;’ ') given by (71) exists and is unique, if [I+
B,B[L (N)+BzB 7(N)] is nonsingular. Substituting (71) into (68), we
obtain

J(N-1)=E[£(N-DL(N-D&H(N-DI+K(N-1), (72)

where L;(N —1) and K;(N —1) are given by (23) and (30), respectively. As
we can see, (72) and (67) are of the same form. In deriving the Nash pair
(*yN=2 *yV"2) at stage N —2, we will repeat what we did at stage N —1.
An inductive argument then proves the theorem. O

19. Appendix C: Feedback Stackelberg Solution
In this appendix, we derive the feedback Stackelberg solution. The

problem was stated in Section 5.

Theorem 10.1. There exists a unique solution to the feedback Stackel-
berg game.
(i) The solution for Case A is

uFa(k) =*yia(I7(k)) = Fia(k) % (k) + Fraa(k)Ea(k), (73)

ufa(k) =*y34(I3'(k)) = Fya(k)%:(k), (74)
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Fia(k)=—BT Z,(k+1)[I+B,B{ Zs(k+1)]'A, (75)
Fiaa(k)=—BT L s(k+1)[I+B,B{ Lis(k+1)]'A, (76)
FZIA(k) = _BgLZA(k+ 1)
X[I+B,BY Lya(k+1)]'[I+B,BT Z,(k+1)]7'4, (77)
Zy(k)=[I+ B;B] L4 (k)17 [Lsa(K) B,Q: B Loa(k) + Ly (k)]
X[+ B,BiLa(k)]7, (78)
Lya(k)= P+ F;I;A(k)FllA(k)+ FleA(k)QlelA(k)
+(A+ B, Fyya(k) + B, Fy4(K))T
% Ly a(k+1)(A+ B, F;;4(k) + By Fy, 4(K)), (79a)
L A(N)=P,, (79b)
LZA(k) = Pyt FITIA(k)Q2F11A(k) +F;A(k)Fzm(k)
+ (A+ BlFllA(k) + B2F21A(k))T

X Loa(k+1)(A+ B Fy (k) + By Fy a(K)), (80a)
X Lyos(N)=P,. (80b)
Their costs to go at stage k are respectively
Jialk) = E{%3 (k) L, a(k)%5(K)} + Ky a(k), (81)
Joalk) = E{fzz(k)LzA(k)ia(k)}“f“KZA(k), (82)

where

Kia(k)=tr{[ P, +ATL1A(k+ 1)A = Lisa(k)]Z5(k)
~Lialk+1)Z3(k+ 1)+ Liga(K)Z,(k) + Lia(k + 1R}
+Kya(k+1), Kia(N) =tr{ P,Z;(N)}, (83)

Ksa(k) = tr{[ P+ ATLya(k + 1) A— Lysa(k)1Zs(K)
= Loa(k+1)Z3(k+1)+ Loga(K)Z, (k) + Loa(k+1)R}

+ Kpa(k+1), Koa(N) =tr{ P,Z3(N)}, (84)

Lialk) =P+ FaA(k)FMA(k)
+(A+ B Fisa(k)) 'Lia(k+1)(A+ B Fraa(k)) = Lm(kz,

85)

Lysalk)=P,+ FL-A(k)QZF14A(k)

+(A+ B Fa(k)) Lya(k+1)(A+ B Fiaa(k)) — Laa(k)-
(86)
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(ii) The solution for Case B is

where

ufs(k)=*yip(I7(k)) = F1 (k) %, (K), (87)
ufs(k) =*y35(I3 (k) = Fa15(K)%1(k) + Frup(Kk)£a(k), (88)
Fiip(k)=Fua(k),  Fup(k)=Fya(k), (89a)
Fyup(k)=~B; Lpg(k+1)[I+B,B] Lyp(k+1)]7' A, (89b)
Lyp(k)=Lya(k),  Lip(k)=La(k). (89¢)
Their costs to go at stage k are respectively
(k) = E{%; (k) L1a(k)Z3(k)} + K (K), (90)
Jop(k) = B{%3 (k) Lo5(k)%(k)} + Ko (k), (o1

where

Kyip(k) =tr{[P,+ AL, 5(k+1) A~ Ly45(k)]Z:(k)

—Lis(k+1)25(k+1)+ Liys(k)Z, (k) + L, s (k+1)R}

+ K p(k+1), K;5(N)=tr{ P,Z5(N)}, (92)
Kop(k) =tr{[ Py+ ATL,5(k+1)A— Ly;5(k)1Z5(k)

= Ly (k+1)Z3(k+1)+ Loy (k)Z,(k) + Lys(k+1)R}

+ Kap(k+1), Kop(N) =tr{ P,Z3(N)}, (93)
Lisp(k) = P+ Faup(k)Q; Foy(k)

+(A+ ByFoup(k))'Lyg(k+1)(A+ B, Fyun(k)) — Lyg(k),
(94)

L24B(k) = P2+F2T48(k)F24B(k)

+(A+ ByFa4p) Lop(k+1)(A+ ByFaap(k)) — Lyp(k).
(95)

Proof. We will prove part (i) only. The proof for part (ii) is similar.

Feedback Stackelberg strategies have the property that they are in static
Stackelberg equilibrium at every stage of the problem. This property can
be observed from its definition, and hence we can solve the problem by
going backward (a dynamic programming type of approach).
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At stage N (no more decisions to be made), the cost to go of player i
is
J(N)=E[x"(N)Px(N)]
= E[£5 (N)P&(N)]+tr{ PZ3(N)}
= E[£5 (N)Lia(N)%(N)]+ Kia(N), (96)
where
Lis(N)=P, Kia(N) =tr{ PZ;(N)}.

At stage N — 1[I#(N —1) is available], player i’s objective is to minimize
J;(N ~1) given by

J(N-1)=E[x"(N-1)Px(N-1D+u/(N-1)u;(N-1)

+u/(N-1)Qu(N —1)+x"(N)Px(N)|L(N -1)].
(97)

By applying the Kalman filter equations (19) and Lemma 3.1, we obtain
J(N=-1)=ul(N-Du(N-1)+uj (N-1)Qu(N —1)
+(A%5(N =1) + Byu;(N = 1)+ Bu,(N - 1)) 7
X L, /( N)(A%3(N — 1)+ By, (N — 1)+ Bou(N — 1))
+2I(N-1)P (N -1)+t{P,Z,(N—1)
+ Lia(N)[Z35(N/N—1) = Z;(N) ]} + K, 4(N), (98)
J(N =1)= E[(A%5(N = 1)+ Byu;(N — 1)+ Bup,(N = 1)) 7
X Lya( NYAZ(N - 1)+ By, (N —1)
+ Buy(N —1))| L(N —1)]
+E[u{ (N -1)Quy(N-D[IF(N-1)]
+E£(N-1D)P%(N-1)
+tr{ P2, (N = 1)+ Ly s(N = 1)[Z5(N/N = 1) = Z3(N) I}
+ K u(N). (99)

To any strategy yia '[I1(N —1)] announced by the leader, the follower’s
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rational reaction set is a singleton, i.e.,
yé‘?%l’?(l\’— 1))= _BzTLzA[I+BzB;L2A(N)]_1AxA1(N— 3]
+BE(yia UIT(N -1 I3(N -1)1. (100)

Substituting u,( N —1) given by (100) into (98) and optimizing J,(N —1)
with respect to u,( N —1), we obtain

uf(N ~1)= F;; (N~ 1% (N-1)
+F14A(N““1)?€4(N_1), (101)

where F, (N —1) and F;,4(N —1) are given respectively by (75) and (76).
Substituting (101) into (100), we obtain u%( N — 1) given by (74). Substituting
u¥(N—1) and uf(N —1) into J{(N—1), we obtain (81) and (82) for k=
N —1. The proof of this feedback Stackelberg solution can then be concluded
by an inductive argument. O

11. Appendix D: Proof of Theorem 5.3
We will prove part (i) only. The proof for part (ii) is similar.
From Egs. (81) and (83) of Appendix C, we obtain the cost for the
leader in Case A, which is
J14(0) =tr{ Ly 4(0)23(0) + [ P+ ATL, s(1) A — L;44(0)]25(0)
+ Lia(1)R+ Li44(0)2,(0)

N~-1
+ ’El [[PI + ATLlA(k+ I)A - LIA(k) - L14A(k)]23(k)

+L1A{k+1)R+L14A(k)21(k)]}- (102)

Let J} 4(0) and J14(0) correspond to Information I and II, respectively. Then,
N-1

J1a(0)—J14(0) = k);ﬁ tr{[ P+ ATL o(k+1)A— Ly a(k) = Lyga(k)]

X [23'(k) = 25(k)1+ Liaa(K)ET (k) —Z1(K)]}.
(103)

If Information I provides better information for the leader alone than
Information 11, then Lemma 4.1 implies Ji4(0) = J},(0) if

P+ AL 4(k+1)A— Ly s(k) ~ Liga(k)=0,  for every ke 6.
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Substituting Egs. (79) and (85) of Appendix C into the left-hand side of
the above equation, we obtain

P+ ATL s(k+1)A— L 4(k) = L4(k)

={BT L o(k+1)[I+B,B] L ,(k+1)]'A}7T

X[I+ By LA(k+1)B,1B{ L o(k+1)[I+B,BT L, o(k+1)]*A

=0. {104)
O
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