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Exètash stic Proqwrhmènec Teqnikèc

Susthm�twn Autom�tou Elègqou

Onomatep¸numo Spoudast :

Arijmìc Mhtr¸ou:

Jèma 1o(Mon�dec 2.5). An Φ eÐnai h m tra dièleushc kat�stashc
tou sust matoc

ẋ =

[
3t+ 10t3 −6t3

12t3 3t− 7t3

]
x

na dojeÐ h Φ(t, 0).

Jèma 2o(Mon�dec 2.5). Na deiqjeÐ ìti an gia to sÔsthma

ẋ =

[
−1 α
β −2

]
x

isqÔoun α > 0, β > 0, x1(0) > 0 kai x2(0) > 0, èpetai ìti x1(t) > 0
kai x2(t) > 0 gia k�je qronik  stigm  t > 0.

Jèma 3o(Mon�dec 2.5). Na brejoÔn oi anagkaÐec kai ikanèc sun-
j kec pou prèpei na ikanopoioÔn oi par�metroi α kai β ¸ste gia to
sÔsthma

ẋ1 = x2, ẋ2 = u

me u ∈ [0, 1] kai arqikèc sunj kec x1(0) = x2(0) = 0 h eÐsodoc pou
elaqistopoieÐ to krit rio α

2
x1(1)2 + β

2
x2(1)2 +

∫ 1
0 u(t)dt eÐnai u(t) = 1

gia t ∈ [0, 1/2], u(t) = 0 gia t ∈ (1/2, 1].

Jèma 4o(Mon�dec 2.5). JewreÐste to akìloujo sÔsthma:

ẋ = 2x+ u1 + u2.

Ia. An gnwrÐzoume ìti u2(t) = k2(t)x(t), ìpou k2(t) gnwst  su-
n�rthsh, na brejoÔn oi exis¸seic pou perigr�foun to u1(t)
se kleistì brìqo ¸ste na elaqistopoieÐtai to krit rio J1 =
x(1)2 +

∫ 1
0 (x(t)2 + u1(t)

2)dt.

Ib. An gnwrÐzoume ìti u1(t) = k1(t)x(t), ìpou k1(t) gnwst  su-
n�rthsh, na brejoÔn oi exis¸seic pou perigr�foun to u2(t)



se kleistì brìqo ¸ste na elaqistopoieÐtai to krit rio J2 =
x(1)2 +

∫ 1
0 (x(t)2 + u2(t)

2)dt.

Ig. Na brejoÔn oi exis¸seic pou perigr�foun tic sunart seic k∗1, k
∗
2

an gnwrÐzoume ìti h k∗1 isoÔtai me to kèrdoc anatrofodìthshc
sth lÔsh tou upoerwt matoc Ia gia thn perÐptwsh k2 = k∗2 kai
ìti h k∗2 isoÔtai me to kèrdoc anatrofodìthshc sth lÔsh tou
upoerwt matoc Ib gia thn perÐptwsh k1 = k∗1. (Sthn perÐptwsh
aut  to sÔsthma brÐsketai se isorropÐa Nash).

II. Na brejoÔn oi exis¸seic pou perigr�foun ta u1(t), u2(t) se
kleistì brìqo ¸ste na elaqistopoieÐtai to krit rio J1+J2, ìpou
J1, J2 ìpwc orÐsthkan sta prohgoÔmena upoerwt mata.

III. Sqoli�ste th sqèsh twn tim¸n tou krithrÐou J1 + J2 pou anti-
stoiqoÔn stic lÔseic twn upoerwthm�twn Ig kai II.

Di�rkeia exètashc: 3:00'
'Olec oi apant seic prèpei na eÐnai epark¸c aitiologhmènec.
Kal  EpituqÐa.


